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Preface

Dear Readers,

I am both honored and excited to introduce you to the book "Elements of Civil Engineering
and Mechanics.” This project has been a labor of love and a journey of discovery, and it is with
great pride that I share it with you.

As someone deeply passionate about the field of civil engineering and mechanics, | have
always believed in the transformative power of knowledge. The journey of creating this book
has allowed me to delve deep into the intricate and fascinating world of civil engineering,
gaining insights that have enriched my understanding and appreciation for the subject.

"Elements of Civil Engineering and Mechanics" represents a comprehensive exploration of the
core principles and applications that define this dynamic field. It covers a wide spectrum of
topics, from introduction to various field to basic structural analysis. The aim of this book is to
provide both novice learners and seasoned professionals with a resource that is informative,
accessible, and up-to-date.

I must also extend my gratitude to my mentors, teachers, and colleagues who have inspired and
guided me throughout my academic and professional journey. Your wisdom and
encouragement have been instrumental in shaping my understanding of civil engineering, and
I hope this book does justice to the knowledge you've imparted.

As you embark on your own exploration of "Elements of Civil Engineering and Mechanics," |
invite you to approach it with an open mind and a thirst for knowledge. The field of civil
engineering is not just about equations and structures; it is about shaping the world we live in,
solving real-world problems, and contributing to the betterment of society.

In closing, | want to express my sincere gratitude to all of you, the readers, who have chosen
to embark on this journey with me. Your curiosity and commitment to learning are what drive
progress in our field, and |1 am confident that together, we can build a brighter future through
the principles and knowledge shared in these pages.



Foreword

It is an honour and a privilege to introduce you to the book
"Elements of Civil Engineering and Mechanics" authored by
our distinguished faculty member Prof. R. C. Havaragi. Prof.
R. C. Havaragi dedication to the field of civil engineering and
his commitment to educating future engineers have
consistently elevated the academic standards of our institution.

In an era where technological advancements shape our world,
this book serves as an indispensable resource. Prof. R. C.

Havaragi expertise and passion shine through in the clarity and

depth of the material presented, making complex concepts accessible to students and

enthusiasts alike.

As the President of this institution, I take immense pride in the contributions of our faculty, and
Prof. R. C. Havaragi work is a shining example of our commitment to excellence in education.
I have no doubt that this book will inspire a new generation of civil engineers and serve as a
beacon of knowledge in the field.

Warm regards,

Dr. Rajashree Nagaraju
President
MMEC, Belagavi

It is with great pleasure and pride that I introduce to you the

book "Elements of Civil Engineering and Mechanics"
authored by our esteemed faculty member, Prof. R. C.
Havaragi. Prof. R. C. Havaragi passion for teaching and
depth of knowledge in the field of civil engineering shine
through in this comprehensive work.

Civil engineering is a discipline that forms the backbone of
modern society. From the construction of buildings and
bridges to the development of transportation systems and

---------------

infrastructure, civil engineers play a pivotal role in shaping the world we live in.

Prof. R. C. Havaragi commitment to excellence in education has been an asset to our institution,
and this book is a testament to his expertise. I am confident that readers will find this book to
be an invaluable guide in their journey through the intriguing world of civil engineering.

Warm regards,

Dr. D G Kulkarni
Principal
MMEC, Belagavi
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MODULE-1
OVER VIEW OF CIVIL ENGINEERING

SCOPES OF CIVIL ENGINERING:

1. Scopes of Structural Engineering:

Following are the scopes Structural Engineering

» Analysis and design of Dams, Bridges, Stadiums, Auditoriums, Multi
- storiedBuildings.
Analysis and design of power generation stations
Analysis and design of steel industrial structures
Repair, rehabilitation and maintenance of structures
Design of nuclear Power plants.

Design of structural reinforcement for different type of structural components
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2. Scopes of Geotechnical Engineering:

+ To assess the quality and strength of soil or rock to construct civil
engineeringstructure

« To design retaining walls for soil retainment.

« To decide type of foundations for different type of structures.

« For design of underground structures such as Tunnels, Shafts, Conduits.

+ Design of earthen dams for storage of water.

* For the design of Roads for transportation facilities
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Scopes of Construction Technology:

+ Planning for Construction Equipment and Machinery for construction project.

» Deals with planning, scheduling and execution of construction activity
related to aproject.

» Comprises of men, material, time and money management.
» Emphasis will be on new construction practice such as pre-caste construction

and pre stress constructions, safety of men and material, utilization of

marginal materials etc.
* Construction of underground Tunnels using modern equipments.

» Construction of floating structures.
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4. Scopes of Hydraulics:

To measure the discharge of water in rivers for design of bridges
» Design of hydro power plants for generation of electricity.
» Design of Pumps and turbines
Design of water supply schemes for the city which includes design of

pipes andpumps.



Design of canals to carry water to irrigation land from dams.

Design of Weirs for Dams
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5. Scopes of Water Resource & Irrigation Engineering Scopes of
Water Resource Engineering:

To arrive the total discharge of water from rainfall from catchment areas
To design the reservoir capacity to store the water
Water quality management and pollution control.

Scope for usage of water for garden and recreational centers.



Design of water supply systems for the cities and industries.
Flood mitigation, land drainage and culverts for control of water.

5. AC0Y FORBR.D & T30 OBAODDOMN
D950, NN B DB FORBIRLLD D0V ODDOTT
DA ND:

R e3MeddRITAT B 2080, LDRBES S B0 DO &Y DOT
2RO TT3eBned

R dV9sA B LRI ANTIsE 1} 90NT & AT
QLT THTNE, DTIE T/ 2303, R DONOI)60.

2953, HPOT® WFT 3 B PoT° GW5S a0 I, a0ST 02500
FOTZNSD.

VA S B TBRT T 23533R, NP T O SNOND 03I,
T MROTINAYD.

BJeoo® 3N, AT, PR WwPBFTOL 203, RN HoT®
QAONOIjED & DETD.

5. qroft JATe 3for Rig= sifvaifAewiaarcdt =ar urvft
Y= SfHgiAst =1 smxl:

1 U0l & U Ul fS<arst =1 arof U ur3d YR Uivrdle &
1 fETS & SIAiT=IY &HdT HRUAMIS! TSR § Uruit

GTOft T[UTal SaRITI 3101 YOI fAI=0T.

ST =41 HTST AR 24T UTut <47 ATST 1T IO TR o,
1 =41 UToft [RAST YUITeH =0T TTaT & RMex 30T ST

R AT, STHH S1oT AT FHeege =1 W3] =07 =41 aToft.

6. Scopes of Irrigation Engineering:

To understand system of irrigation and command area development aspects

To supply the water to the irrigation land to grow the crops as per the requirement
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To improve the ground water storage of the land.

To increase the food production by supplying optimum quantity of
water tothecrops

Additional revenue to the nation in the form of water tax and increased
yield incrops.

Cultivation of commercial crops such as Sugarcane, Cotton etc
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7. Scope of Transportation Engineering:

« It involves planning, design, construction, operation and

maintenance oftransportation facility.

« Planning and design of air strip runways, roads, harbors and railways



1.

Maintenance and up gradation of harbors, airports, railway system
based onrequirements.

It contributes economic, industrial, social and cultural
development of anycountry.

Design of traffic signals for control of traffic.
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8. Scope of Environmental and Sanitary Engineering:

Involves collection of water, Purification and supply for drinking.
Waste water collection, treatment and disposal

Air pollution control and treatments.

Solid waste management and control

E-Waste management control and Treatment

Construction waste management and control
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9. Scope of Geographic information System (GIS):

GIS is a computer-based information system that performs the activities of
capturing, storing, manipulating, analyzing and displaying both spatial and non-
spatial data in order to solve complex research, planning and management
problems. Following are the usesof GIS

Telecom and network services

Accident analysis and hot spot analysis

Urban Planning

Transportation Planning



« Determine land use/land cover changes
« Navigation (routing and scheduling)
+ Flood damage estimation

« Natural Resources Management
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10. Scope of Earthquake Engineering:

An earthquake is a sudden slipping or movement of a portion of the Earth's crust
or plates, caused by a sudden release of stresses

The study of the behavior of buildings and structures subject to seismic loading

To for caste the potential consequences of strong earthquakes on urban areas and
Civil infrastructure

Design, construct and maintain structures to perform at earthquake exposure.

It also assists analyzing the interaction between civil infrastructure and the
ground, including the consequences of earthquakes on structures.

Design of seismic control devices to minimize the seismic effects on buildings
and other infrastructure
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Building Materials
1) Stone:

A piece of rock that is used in construction is called stone. Following are the
Uses of stones:
» Stones are used for the base preparation of different constructions and

also theyare important for general building works like in foundation, floors
covering, masonry works etc.

» Stones are used for the ornamental and architectural beauty of different
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typesof structures

* Generally, they are used for railway ballast and as an aggregate in cement

and lime concretes.
» Stone are used for making fireproof structures

* Stones are used as a construction material of different structures likes dams,
columns, bridges piers, harbors etc.

» Limestone acts as a flux in the manufacturing cement and lime
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i) Brick:
Brick is a small rectangular block typically made of fired or sun-dried clay, used
in
construction. Following are the Uses of Bricks
* The first class and second class bricks are used for permanent structures
such asbuildings, dams, roads, bridge piers, etc
» The first class bricks are also used for architectural effects on structures

* The second class bricks are used in construction but the surface
should beplastered evenly because of the irregular size and shape
of bricks
* Thethird class or sun-dried bricks are used only for temporary structures

» Broken bricks are used as aggregate for foundation concrete and road metal
works.
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i) Wood:
Wood is the material which forms the trunks and branches of trees.
Following arethe uses of wood
* In construction of houses, wood is used commonly used for flooring,
frames ofdoors and windows

* For artworks such as statues, carvings and making decorative objects wood is
used

* wood is the best for making furniture
15



Hardwood and softwood were used in the past for ship industry

Wood is an age-old source of energy all over the world
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IV) Glass:

Glass is a hard, brittle substance, typically transparent, made by fusing sand
withsoda and lime and cooling rapidly. Following are the uses and properties
of glass.

* Itis most typically used as transparent glazing material in the buildings,
17



includingwindows in the external walls

* Glass has been used to enhance the aesthetic view of structure

* Glass Wall Cladding provides a sleek and easily maintained wall surface
and alsoincreases aesthetic view of structure

* Aglass is 100 percent recyclable i.e. it does not degrade during the
recyclingprocess.

* Glass can withstand the effects of water, wind, sun and other
environmentaleffects, without losing an inch of its appearance and

integrity.
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IvV) Aluminum:

A chemical element that is a light, silver- colored metal, used especially for
construction and aircraft parts. Following are the uses of Aluminum

Aluminum sections are used for the construction of high rise buildings

due to its high strength to weight ratio

Aluminum frames are generally durable, cost-effective hence they are
usedfor partitions, window frames in buildings.

Aluminum is useful in aviation industry because of three excellent
propertiessuch as high strength to weight ratio, excellent ductility, and high
resistance to corrosion

The advanced aluminum alloys are used in spacecraft and rocket technology.

The aluminum is used in the ship constructions.
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V)  Cement:

Cement is a powder of alumina, silica, lime, iron oxide, and magnesium
oxide burned together in a kiln and finely pulverized and used as an
ingredient of mortar and concrete. Following are the uses of cement.
e The most significant use of cement is production of concrete and mortar
e Cement mortar can be used for masonry work, plaster, pointing, etc.
e It is used in concrete for laying floors, roofs and constructing lintels, beams,
stairs, pillars etc.
e |t can be used for preparation of foundations, watertight floors, footpaths, etc.
e It can be used for manufacturing precast pipes, garden seats, flower pots, dust
bins, fencing posts, etc.
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Vi) Aggregates:
Aggregate is a granular material, such as sand, gravel, and
crushed stone.Following are the uses of aggregates.

* Increases the volume of concrete, thus reduces the cost.

» Aggregates are used to provide arigid structure

» To reduce the shrinkage and cracking in concrete

« Aggregates are used in many structures and substructures e.g.

differentelements of a Building, bridges, foundations etc.,
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Vii) Concrete:

Concrete is a construction material composed of cement, fine aggregates
(sand) and coarse aggregates mixed with water which hardens with time.

Following are the Uses of Concrete.

* Concrete is used in the construction of residential Buildings

* Concrete is used in the construction of roads and Expressways.
» Concrete is used in the construction of Marine constructions

» Concrete is used in the construction of Culverts and sewers

* Concrete is used in the construction of Water tanks

* Concrete is used in the construction of Foundations
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vii) Steel:

Steel is a kind of metal alloy that's made of iron and carbon. Due to its high
strength it isoften used to build the framework of skyscrapers. Following are the
uses of steel

» Steel is used as reinforcement in reinforced concrete structures.
» Steel is used to construct high rise buildings.

» Steel is used to construct industrial buildings
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» Steel is used to construct Residential buildings

» Steel is used to construct Bridges
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Viii)RCC (Reinforced Cement Concrete):

26



Reinforced Cement Concrete (RCC) is a composite building material consisting

of concrete reinforced with steel. Following are the uses of Concrete

IX)

Reinforced concrete is used for the construction of roof slabs, columns, beams and
footings in residential and commercial structures.

Reinforced concrete is used for construction of bridges of small, medium and long
spans resulting in aesthetically superior and economical structures in comparison
with steel bridges

Reinforced concrete is used in the construction of roads that is designed to carry
heavy traffics loads.

Reinforced concrete is used in the construction of almost all types of foundations
of structures.

Pipes and conduits have been constructed from reinforced concrete
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IX) PSC (Pre-stressed concrete):

Pre-stressed concrete is a structural material that allows for predetermined,
engineering stresses to be placed in members to counteract the stresses that
occur when they are subject to loading. Following are the uses of PSC

Pre-stressed concrete is used in the construction of superstructures of bridges
Pre-stressed concrete is used in the construction of runways
It is used in the Construction of Water tanks.

Pre-stressed concrete is used in the construction of tall columns and retaining walls
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X)  Smart Materials:

Smart materials have different properties that can be changed according to the
changes in the external factors, such as temperature, light, stress, moisture
etc.,.Following are the benefits of Smart Materials.

» Smart concrete technology offers an alternative method for

monitoring the healthof reinforced concrete structures.

» Crystalline water proofing of concrete to increase the efficiency of curing.

 Increases Concrete durability

 Toreduce corrosion of steel

79.83°F ToDNND:
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Role of Civil Engineer in the Development of Nation:

Civil engineer has very important role in the development of the
infrastructureslike new townships, building structures for the rural and
urban areas for variousutilities.

Construction of reservoir's, Canals and distributaries to take water to
agriculturalfields

Provide and maintain communication systems like roads, railways,
harbors andairports.

Purify and supply water to the areas like houses, schools, offices etc.
Monitor land, water and air pollution and take measures to control them
Improved irrigation facility enhances agricultural products and hence
producers aswell as consumers are benefitted.

He is responsible for solid waste management

Infrastructural facility develops scope for a number of industries and it creates job
opportunities. A well planned and built network of roads and road crossings.
Construction of Primary health centers, specialized hospitals add to the

desirableinfrastructure facility.
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Module — 2
2.1 Engineering Mechanics
It is a branch of applied sciences that describes and predicts the state of rest or of uniform

motion of bodies under the action of forces.
Engineering Mechanics deals with the application of principles of mechanics and different

laws in a systematic manner.
Engineering Mechanics

Mechanics of Solids Mechanics of Fluids
Mechanics of Rigid bodigs Mechanics of Deformable bodies

Statics Dynamics

Concepts of: Physical quantity, Scalar quantity, and Vector quantity

Particle: A particle is a body of infinitely small volume and the entire mass of the body is
assumed to be concentrated at a point.

Rigid body: It is one, which does not alter its shape, or size or the distance between any two
points on the body does not change on the application of external forces.

Deformable body: It is one, which alters its shape, or size or the distance between any two
points on the body changes on the application of external forces.

\ 4

L] ] ¢——
F A B F

In the above example, the body considered is rigid as long as the distance between the points
A and B remains the same before and after application of forces, or else it is considered as a
deformable body.

Force: According to Newton“s | law, force is defined as an action or agent, which changes or
tends to change the state of rest or of uniform motion of a body in a straight line.

Units of force: The gravitational (MKS) unit of force is the kilogram force and is denoted as
,kgf™. The absolute (SI) unit of force is the Newton and is denoted as ,,N*.

Note: 1 kgf=,g“N  (Butg=9.81m/s?) Therefore 1 kgf =9.81 N or = 10 N.
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2.1 Characteristics of a force

These are ones, which help in understanding a force completely, representing a force and also
distinguishing one force from one another.

A force is a vector quantity. It has four important characteristics, which can be listed as
follows.

1) Magnitude: It can be denoted as 10 kgf or 100 N.

2) Point of application: It indicates the point on the body on which the force acts.

3) Line of action: The arrowhead placed on the line representing the direction represents it.
4) Direction: It is represented by a co-ordinate or cardinal system.
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Idealization or assumptions in Mechanics: In applying the principles of mechanics to
practical problems, a number of ideal conditions are assumed. They are as follows.

1) A body consists of continuous distribution of matter.
2) The body considered is perfectly rigid.

3) A particle has mass but not size.

4) A force acts through a very small point.
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Classification of force systems: Depending upon their relative positions, points of
applications and lines of actions, the different force systems can be classified as follows.

1) Collinear forces: It is a force system, in which all the forces have the same line of action.



Line of action
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Ex.: Forces in a rope in a tug of war.

2)_Coplanar parallel forces: It is a force system, in which all the forces are lying in the same
plane and have parallel lines of action.

- - - - - - .<

Ex.: The forces or loads and the support reactions in case of beams.

3) Coplanar Concurrent forces: It is a force system, in which all the forces are lying in the
same plane and lines of action meet a single point.

Ex.: The forces in the rope and pulley arrangement.

4)_Coplanar non-concurrent forces: It is a force system, in which all the forces are lying in
the same plane but lines of action do not meet a single point.

Ex.: Forces on a ladder and reactions from floor and wall, when a ladder rests on a floor and
leans against a wall.
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5)_Non- coplanar parallel forces: It is a force system, in which all the forces are lying in the
different planes and still have parallel lines of action.
Y

Ex: The forces acting and the reactions at the points of contact of bench with floor in a
classroom.

6) Non- coplanar concurrent forces It is a force system, in which all the forces are lying in
the different planes and still have common point of action.
Y

Ex.: The forces acting on a tripod when a camera is mounted on a tripod.

7) Non- coplanar non-concurrent forces: It is a force system, in which all the forces are
lying in the different planes andl also do not meet a single point.
Y

>~ N

Ex.: Forces acting on a building frame.
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2.2 Fundamental Laws in Mechanics

Following are considered as the fundamental laws in Mechanics.
1) Newton“s | law

2) Newton“s Il law

3) Newton“s Il law

4)  Principle or Law of transmissibility of forces

5) Parallelogram law of forces.

1) Newton’s I law: It states, “Every body continues in its state of rest or of uniform motion in
a straight line, unless it is compelled to do so by force acting on it.”
This law helps in defining a force.

2) Newton’s II law: It states, “The rate of change of momentum is directly proportional to the
applied force and takes place in the direction of the impressed force.”

This law helps in defining a unit force as one which produces a unit acceleration in a body of
unit mass, thus deriving the relationship F =m . a

3) Newton’s I11 law: It states, “For every action there is an equal and opposite reaction.”
The significance of this law can be understood from the following figure.
Consider a body weighing W resting on a plane. The body exerts a force W on the plane and
in turn the plane exerts an equal and opposite reaction on the body.

W

Body

/

Plane

W — Weight of the body
R R— Reaction from plane
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Body
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Plane

W — Weight of the body
R R— Reacrion from plane
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4) Principle or Law of transmissibility of forces: It states, “The state of rest or of
Uniform motion of a rigid body is unaltered if the point of application of the force is
Transmitted to any other point along the line of action of the force.”

/ Body
_A_> ____________________ B ] I
F \ / F

Line of action

From the above two figures we see that the effect of the force F on the body remains the same
when the force is transmitted through any other point on the line of action of the force.

This law has a limitation that it is applicable to rigid bodies only.
Explanation of limitation:

In the example if the body considered is deformable, we see that the effect of the two forces
on the body are not the same when they are shifted by principle of transmissibility. In the first
case the body tends to compress and in the second case it tends to elongate. Thus principle of
transmissibility is not applicable to deformable bodies or it is applicable to rigid bodies only.
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Resultant Force:

Whenever a number of forces are acting on a body, it is possible to find a single force, which
can produce the same effect as that produced by the given forces acting together. Such a
single force is called as resultant force or resultant.

F1 F2
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In the above figure R can be called as the resultant of the given forces F, F2 and Fs.

The process of determining the resultant force of a given force system is known as
Composition of forces.

The resultant force of a given force system can be determining by Graphical and Analytical
methods. In analytical methods two different principles namely: Parallelogram law of forces
and Method of Resolution of forces are adopted.
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Parallelogram law of forces: This law is applicable to determine the resultant of twocoplanar
concurrent forces only. This law states “If two forces acting at a point are represented both
in magnitude and direction by the two adjacent sides of a parallelogram, then the resultant
of the two forces is represented both in magnitude and direction by the diagonal of the
parallelogram passing through the same point.”

F,Sind

Let F1 and F2 be two forces acting at a point O and 6 be the angle between them. Let OA and
OB represent forces F1 and F. respectively both in magnitude and direction. The resultant R
of F1 and F> can be obtained by completing a parallelogram with OA and OB as the adjacent
sides of the parallelogram. The diagonal OC of the parallelogram represents the resultant R
both magnitude and direction.
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From the figure OC = \DD? + CD?

= V(OA + AD) + CD?
= V(F1 + F2 COS0)? + (F2Sin 0 )

ie R=VF2+F22+2 F. F2.C080  —->1

Let a be the inclination of the resultant with the direction of the F1, then

o = tan’

F2Sin T ------------ >2

F1 + F>.cos

Equation 1 gives the magnitude of the resultant and Equation 2 gives the direction of the
resultant.
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Composition of forces by method of Resolution

If two or more forces are acting in a single plane and passing through a single point , such a
force system is known as a

F R

02 o

Fa

coplanar concurrent force system
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Let F1, F2, F3, F4 represent a coplanar concurrent force system. It is required to determine
the resultant of this force system.
It can be done by first resolving or splitting each force into its component forces in each
direction are then algebraically added to get the sum of component forces.
These two sums are then combines using parallelogram law to get the resultant of the force
systems.
In the Y fig, let fx1, fxo, fx3, fX4 be the components of Fxi, Fx2, Fxs, Fx4 be the forces in the X-
direction.
Let > Fx be the algebraic sum of component forces in an x-direction

> Fx = fxa+ fxo+ fXat+ fx4

Similarly,

> Fy = fyi+ fyo+ fys+ fys

By parallelogram law,

A

> Fy

v

> FXx
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Y Fx=fx1+fX2+fxs+

fx 4mﬁo®€,

Yoy =fyi1+fy +fy

3+ fy 1a0ROT

A2V 03T TORI,

e30°

> FXx

v
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coplanarﬂﬂa?ﬁﬂa%ﬂwrl?ﬁ

F1, F2 I, F3, F4Hﬁﬁfﬂﬂﬂacoplanarﬂﬂﬂ?ﬁﬂﬂ%ﬂ@ﬂ?ﬁaw% NICERE
FRUGNITS! 3ITUIG T R[S TaT URUMH Joat

d 3R T d gUf gR Ui AR fdhat faHTs Ui 21ekit et gedhimed Al
o B TAD TGN 3Med FeR SIS IOAER Hel S e [Heddl silsl ucdh
EICSIES
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EIGIGELIGI

H@EZ&W, fx1, X2, X3, IX 4 TTSTO Fx 1, FX 2, FX 3, FX 4T U 301 A& =0
x-fezm.

Y TT Fx 30 g SSRTIONGI sRiel <01 geeh 2idkd! A8l Udh x-faan

Y Fx=fx1+fX2+fxs+

fx < ITIYHTO,

YFy=fyi+fyo+fys+

fy ;G THIRYS BRG],
2. Fy
a
> FXx ]
< fazmedn os g ufkomdt ag i wuH

AR =T FX) T+ Fy) ?
o BT DI x 7 TWRIUTHH s-aeary uRumar faz1 ffes zredfezn 39 fAfRad &
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0=TT (D)
T UTg=1 S UGS AI8qul & 3r8guft Aed coplanar THAd! Takit UUMTST 3T d, T

TS U S{ERU] .

1. x- T BT HIUTT Td §& 0T SISHTION sRore 70T
HR1.IGRM (3. T Fx) A0 A STe y- &z (o ¥ anfdfes o)
2. 331 € f&=1 =1 & URuITH a1oRe g
3R = V(X Fx) 3+, 3T ae) 2
3. 3l & oz =1 & uRomH AT gt = 8 4 (52
3.1 Sign Conventions:
+ve
VE +KE

-Ve
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Problems

Determine the magnitude & direction of the resultant of the coplanar concurrent force system

shown in figure below.

75N
200N
70°
\ 300
45\ -
150 N
100
> Fy
R
o
> FXx

Let R be the given resultant force system
Let o be the angle made by the resultant with x- direction.
The magnitude of the resultant is given as

R= V(> FX2+Y Fy)? and o = tan’y( ; =
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Y Fx = 200cos 30°- 75c0s70°-100c0s45° + 150cos 35°
> Fx=199.7N

Y Fy = 200sin 30%+ 75sin70°-100sin45° - 150sin 35°
Y Fy=13.72N

R= (X Fx)* +(X Fy)’
R=200.21N

5 7
o = tan(=2)

o = tan’(13.72/ 199.72) = 3.93°

2. Determine the resultant of the concurrent force system shown in figure.

500kN

700k

70

\ 40°

45 2

30°

150k
100kN

Let R be the given resultant force system
Let a be the angle made by the resultant with x- direction.

The magnitude of the resultant is given as
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R=VQ FX)’+ Fy)* and a=tan* E—L)
Y Fx = 700cos 40°- 500c0s70°-800c0s60° + 200cos 26.56°
> Fx=144.11 kN
Y Fy = 700sin 40%+ 500sin70°-800sin60° - 200sin 26.56°
Y Fy = 137.55kN

R= (T Fx)? +(X Fy)’
R=199.2IN

Y Fr.
a = tan'l(£3)

= e
+ Fx

o = tan"}(137.55/ 144.11) = 43.66

3. Determine the resultant of a coplanar concurrent force system shown in figure below

20°

500

359

800N
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Let R be the given resultant force system
Let a be the angle made by the resultant with x- direction.

The magnitude of the resultant is given as

r, By

R="( Fx)?+(3 Fy)? and a =tan( )

Y Fx = 800cos 35°- 100c0s70°%+ 500c0s60° + 0
> Fx=1095.48 N

Y Fy = 800sin 35% 100sin70%+ 500sin60° - 600
S Fy =110.90 N

R= (X Fx)? +(X Fy)’
R=1101.08 N

¥ Fw
_ 1y L EY
a = tan 5 F__{)

o = tan}(110.90/ 1095.48) = 5.78°

4. The Magnitude and direction of the resultant of the resultant of the coplanar concurrent

force system shown in figure.

52kN

30°

35°

10k

Y

60°

60KN
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Let R be the given resultant force system

Let a be the angle made by the resultant with x- direction.

The magnitude of the resultant is given as

r, By

R="( Fx)?+(3 Fy)? and a =tan( )

Y Fx = 20cos 60°- 52c0s30°%+ 60c0s60° + 10
> Fx =7.404 kN

Y Fy = 20 sin 60°+ 52sin30°- 60sin60° + 0
S Fy = -8.641 kN

R= (X Fx)? +(X Fy)’
R=11379 N

¥ Fw
_ 1y L EY
a = tan 5 F__{)

o = tan"}(-8.641 /7.404) = -49.40

3.2 COMPOSITION OF COPLANAR NONCONCURRENT FORCE

SYSTEM

If two or more forces are acting in a single plane, but not passing through the single point,
such a force system is known as coplanar non concurrent force system.

3.3.1 Moment of Force:

It is defined as the rotational effect caused by a force on a body. Mathematically Moment is
defined as the product of the magnitude of the force and perpendicular distance of the point

from the line of action of the force from the point.
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Let “ F” be a force acting in a plane. Let” O” be a point or particle in the same plane. Let “d ”
be the perpendicular distance of the line of action of the force from the point “O” . Thus the
moment of the force about the point “O” is given as

Mo=F x d

Moment or rotational effect of a force is a physical quantity dependent on the units for force
and distance. Hence the units for moment can be “Nm” or “KNm” or “ N mm” etc.

The moment produced by a force about differences points in a plane is different. This can be
understood from the following figures.

i

Let “ F” be a force in a plane and O3, O, and Oz be different points in the same plane
Let moment of the force *“ F” about point Oz is Mo,

Moi=F x d1

Let moment of the force *“ F” about point Oz is Mo,

Moz=F x d2

Let moment of the force *“ F” about point Oz is Mo,

Mo=0x F

The given force produces a clockwise moment about point O1 and anticlockwise moment
about O2 . A clockwise moment ( @) is treated as positive and an anticlockwise moment
(@ ) is treated as negative.

Note; The points O, O,, O3 about which the moments are calculated can also be called asmoment centre.

3.2 BOO3RCHR e355° TR TN U? Do, TV 0EF HPCT
2R e3¢

NV Y 90 BUR),, BRBNE) Y3 BEIS WP & NT Jeow, ST &9
BOTNTRELTIES TRNRDT 200T3C 2D0TI),EI0ZI/ & WO AR, I,
TOE) TT° €9€) DOT FBONEITZ T DT TS 3§, a35e3A,.

33130 S D
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foha 2ra foig UREH.

0y

1" F YOI Ueh Rkl A ST a fa07 T 3 U foig fbat w01 wedl € 1 fau=
foig "o f&e 3ie WU

69



Mo=TWm x d

&07 fhaT RACTAS YT T a Fakit 3118 a Hifddh THTOT SIS aR A3 gHACH Fari13ffor
3R TS & FMHACH AT T3] &1 He Zrhal 31U "Nm" T "kKNm fdhar » T faredt
3.

3 &U1 GR IdNed JE0 Th 2K TR 01 AL a faHM 318 3775 T 3Ry THaqHIo

TGOS U 3dhs

1 F 30 a ot 3T T8 a0 31010 1, 0 5, 3101 0 5 3RS IS T T[0T
T A= = 801 § el B g 0 4 oo I 311G,

Iﬁlzﬂ'q?xdl

L SE® "F" (G &0T Mo 318,/ .= Th x d 2

;95 "F" AT &UT Mo 3118, Mo= 0x T

G fao Falt M BRd 2 TsresTan i &0 sgo fdg 01 3flT gsuresTa favg
WW@[Q.EW&M( ) 318 IUAR o UH
JPRIAD A0 T TS fdsg ﬁ'&ﬁ&ﬁﬂ@ ) SUAR &e SlTd A RIHD

S YUGH

ﬁ?;%qw&ﬁz, 33, 0 ;TES O & &UT HINS SIS, FAPbdld add Ul TUH BUrdrd
i

3.3.2 Couple

Two forces of same magnitude separated by a definite distance, (acting parallely) in aopposite
direction are said to form a couple.

A couple has a tendency to rotate a body or can produce a moment about the body. As such
the moment due to a couple is also denoted as M.

Let us consider a point O about which a couple acts. Let S be the distance separating the
couple. Let d1 & d2 be the perpendicular distance of the lines of action of the forces from the



point o.

Thus the magnitude of the moment due to the couple is given a s
Mo = (Fxdl)+ (Fxd2)

Mo =Fxd

I.e The magnitude of a moment due to a couple is the product of force constituting the
couple & the distance separating the couple . Hence the units for magnitude of a couple can
be Nm, KN m, N mm etc.

3.3.2 Z0%

200T3€ &jeNRETS DTTY WONF D, DDER,, 0ZTROT WRBEBAOING,
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R = R X &
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QIOD.
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d1 3107 d2 30 & B9 d 3R § 3Mcd! fohar =1 € ZMekit YRGS o

32N UHR < fO2Medl =1 g &0 ¢ HRUINIS! & Slle! 318
f&% a sHY = (THTH d1) + (TP x d2)

H =T xd
50Tl Uoh] SIS WS UhT &UTTH AR dl & SdTG 3118 RIdkiId ol RITG HRU Siial
3HITOI G 3R dTes DU SiSy . AT Wil gHAcH fazMed 21 a Siel d b3yl

TAm,kNm, N mm <.

3.3.3 Varignon*s principle of moments:

If a number of coplanar forces are acting simultaneously on a particle, the algebraic sum of
the moments of all the forces about any point is equal to the moment of their resultant force
about the same point.

PROOF:

For example, consider only two forces F1and F2 represented in magnitude and direction by
AB and AC as shown in figure below.

Let O be the point, about which the moments are taken. Construct the parallelogram
ABCD and complete the construction as shown in fig.

By the parallelogram law of forces, the diagonal AD represents, in magnitude and

Direction, the resultant of two forces F1and Fz, let R be the resultant force.
By geometrical representation of moments

the moment of force about O=2 Area of triangle AOB

the moment of force about O=2 Area of triangle AOC

the moment of force about O=2 Area of triangle AOD

But,

Area of triangle AOD=Area of triangle AOC + Area of triangle ACD
Also, Area of triangle ACD=Area of triangle ADB=Area of triangle AOB
Area of triangle AOD=Area of triangle AOC + Area of triangle AOB

Multiplying throughout by 2, we obtain

2 Area of triangle AOD =2 Area of triangle AOC+2 Area of triangle AOB

i.e., Moment of force R about O=Moment of force F1about O + Moment of force F2
about O

Similarly, this principle can be extended for any number of forces.
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By using the principles of resolution composition & moment it is possible to determine
Analytically the resultant for coplanar non-concurrent system of forces.
The procedure is as follows:

1. Select a Suitable Cartesian System for the given problem.

2. Resolve the forces in the Cartesian System

3. Compute Y fxi and Y fyi

4. Compute the moments of resolved components about any point taken as the moment
Centre O. Hence find >MO0

| 2 I E 5
| Y (- ay = tan
R=\l=r, |+ s | S h
1l.l | i/ \ i —_
\ M
5. Compute moment arm 4, :‘ER il
6. Also compute X- intercept as  x, - %*:

S M,
T -fj'l.

7. And Y interceptras

3.3.3 30N, 33, & Beanteh:

WO TOT NS DITORE), TBOWOD)  TODYMOT®  DONYDH
FTOONE a3 RIYBT, LBNRBIT 3,03, 0350eh)T3C 2I0TIS D, SN
FONY) YN BOIVOIT WOT FLOT, Aa3003200NTZ BT, T3¢ 20T .
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3.3.3 BRUTY dd <47 &Ur:

R THT HUMGR HAh JHIS 2! TH dodt BRI HId IS, TR SToRTOT S¥el
PIUTATS] SgaE e Hd RIS &0 fedT URUTH! SETT &UTRE SRAIqeee @ f6g

grIdr:
3cTevunYd, S9es G T AR BT F 1 3101 F 2 4 gRAToT 311707 fazm gzffacst
3fTeada 301 T GRATITVHIO T 3! WIS

T 31 30 G Y LS & &UT 3MTed Ude. Fie0l § GHIRYS ADHHA T H S
3TFOT A& GRIGEATHHTO! ST gul il 3fSiR

ER T JHTARYST A1 d1 HIIGT ek, H01 3.9 Ui FHral, 7 fazmedn sfor

fzm, g gfvume =01 QN 21T T < 30T F 2, 7 3R 39Ul § GROTH et
R Witfae ufaffira = o
0=2 F®Il AOB T &Th® TESG TATT &UIHIU

AOC @ 0=2 &A% a 5@ JoTdl &UIG &U7 =T Jakit
920 0=2 &9h e T FFhIu AOD

R,

AU @3ha AOD=A®IU AOC T 85 + AP ACD I 89
T, @A%es =T ABIU ACD = &% =1 FAHIU ADB = &hHe =1
BT AOB&TH ABIURET AOD=87 fAd U= AOC + &3 =1

75



BT AOB

TR AUt 2, 3! et

2 80hes =T FAhIUT AOD =2 &3hos =T A AOC+2 &7 =T i AOB
TEUTS!, ZTadT 0T R 98@ O = X[ &1 F 10 §E&@ + T &1 F 23l 98
ITAYHTY, B T 3 2 [AdTRd PIUTTe] S =T S

C

0 D

F, B

SR AU & Tt d<d 314 T 31107 &01 § 3T I HRUTMIS T 33dur
fazowuTaTe T uRumdt =1 91t =0T coplanar TR-THddT YUt ==
& Uih a1 U 3118 WIS IS YHTl

1. ST a YA HICRIA 1! Yulet fooe T,
2. TR0 -1 ¢ (el A HICIRAT HUMot
3. UM BT Y fxi 0T S fyi

4. UM R G &UT AT FRIDHRU He) TP TES DIUIdg] [6g dde BUH & &Ulhg
3. TS ZNYTl Y MO

!

| 3 2 -
e Vule,s } ay = tan
R_1l.||[- _j'rf ] +|.. _jjl;' :II

S fr

| H"f ]

76



Problems

Example 1: Compute the resultant for the system of forces shown in Fig 2 and hence compute

the Equilibriant.

S f. =44.8-32cos 60°
=28.8KN

S f, =8-14.4-325in 60°

=-34.11KN
R=44.6 KN
ay =49.83°
§+> M, =-14.4(3)+32cos 60" (4)—32sin 60°(3)
=-62.34KNM
62.34
d, =— =1.396
K= qaes _1O00M
2.3
Xg = i =1.827m
34.11
62.34
=———=72.164
T o

8k

32kn

Co, 4)

(3,4)

e X

14827m

(30)

448kN “(0,0)

Py 26) Example 1.

figr 2. Ezample 4

Yia-akn
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Example 2: Find the Equilibriant for the rigid bar shown in Fig 3 when it is subjected to forces.

gekn  430kn  172kN kn

A

A im € 1m D 2m

fiy- 3 Example 2
5l6kn si6ky
! . & G+ M, =~430(1) +172(2) - 344(4)
A
;A M = =-1462 KNM
2:83m
Fesullant Eqyuidiiant
fy 30)  Example 2

« Resultant and Equilibriant

2.1, =0
> f, =—516KN
oy =907



Example 3: A bar AB of length 3.6 m and of negligible weight is acted upon by a vertical force
F1 = 336kN and a horizontal force F2 = 168kN shown in Fig 4. The ends of the bar are in
contact with a smooth vertical wall and smooth incline. Find the equilibrium position of the bar
by computing the angle 6.

tana = 0‘9]‘2
a=36.87"

2 £ =0
H —F,—R;c0s53.13° =0............(1)
2 =0

R,sin53.13°—F, =0

R, =420KN;

* Eq. 1 gives HA=420 KN
§+ZM1; =0
—H ,(3.65in8)+336(2.1cos8)-168 (1.2sin ) =0

-1310.4sin@+705.6cos8=0
tan =0.538

6=28.3"

}?, 4 Eump[eu 3

2. Determine the resultant of the force system acting on the plate. As shown in figure given
below with respect to AB and AD.

10N 5N

60° AP M /5{
yZU

3m

Y Fx = 5c0530° + 10c0s60° + 14.14c0s45°
=19.33N
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Y Fy = 5sin30° - 10sin60° + 14.14sin45°
=-16.16N
R = V(X Fx? + YFy?) = 25.2N

6= Tan*(CFy/ YFx)
0= Tan"(16.16/19.33) = 39.89°

D C
y
19.33N
-
A "T’I\i@ B
R 16.16N

Tracing moments of forces about A and applying varignon®s principle of moments we get
+16.16X = 20x4 + 5c0s30°x3 -5sin30°%4 + 10 + 10c0s60°x3

x =107.99/16.16 = 6.683m

Also tan39.89 = y/6.83
y = 5.586m.

3. The system of forces acting on a crank is shown in figure below. Determine the magnitude
, direction and the point of application of the resultant force.

150mm ' 150 mm 150 Cos60°=75mm

Y'Fx = 500c0860° — 700
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= 450N
Y Fy = 500sin60°
=-26.33N
R = V(Y Fx?+ Y Fy?) =(-450)? + (-2633)?
R =267.19N (Magnitude)

ZFX/ /
N
2Fx / 0
- < =
@m X
R Y ZFy R ZFy

0 = Tan'{(TFy/ YFx)
0 = Tan'}(2633/450)
0 = 80.30° (Direction)

Tracing moments of forces about O and applying varignon®s principle of moments
we get

-2633x x= -500x sin60°x300-1000x150+1200x150c0s60° -700x300sin60°
x =-371769.15/-2633
x=141.20mm from O towards left (position).

4.For the system of parallel forces shown below, determine the magnitude of the resultant
and also its position from A .

[00N 200N 50N 400N
t ‘ ook
Ae—sBe 5Cc D
P Im 1.5m I'm -
T X -~

'Fy = +100 -200 -50 +400
= +250N
ie. R = Y'Fy =250N ( }

Since YFx =0

81



Taking moments of forces about A and applying varignon®s principle of moments
-250 x =-400x 3.5+50x2.5+200x 1 -100x 0
X =-1075/-250 = 4.3m

5. The three like parallel forces 100 N,F and 300 N are acting as shown in figure below. If the
resultant R=600 N and is acting at a distance of 4.5 m from A ,find the magnitude of force F
and position of F with respect to A

100N F 600 N 300N
t ¢+ 7 r
A B ' C D
s e | e
~45m < 25m -
< >
X
Let x be the distance from A to the point of application of force F
HereR =3} Fy
600=100+F+300
F=200N

Taking moments of forces about A and applying varignons principle of moments,
We get

600x4.5=300x7+Fx

200 x =600 x 4.5 -300 x 7.

X =600/200 = 3m from A

6. A beam is subjected to forces as shown in the figure given below. Find the magnitude,
direction and the position of the resultant force.

TkN  10kN 20kN 10kN SkN
o
S S S R P
Ae B 50 S D E
2m 3m 2m Im

Given tan 6= 15/8 sin 6 = 15/ 17 cos 6 = 8/17

tano= 3/4 sin a = 3/5 cos o = 4/5

> Fx=4+5c0sa—17 cos 6O
=4+5x4/5-17 x 8/17

> Fx=0

YFy=5sina-10+20-10+17sin 6
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= 5% 3/5 -10+ 20 — 10 + 17 X 15/17
s Fy =18 kN ()

Resultant force R = 0 [YFx)2+ (S Fy)?= 0 00+182
R =18 kN

Let x = distance from A to the point of application R

Taking moments of forces about A and applying Varignon‘s theorem of

moments

-18x=-5xsinax8+10x7-20x5+10x 2
=-3x8+10x7-20x5+10x2

X =-34/-18 = 1.89m from A (towards left)
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FRICTION

Whenever a body moves or tends to move over another surface or body, a force which
opposes the motion of the body is developed tangentially at the surface of contact, such on
opposing force developed is called friction or frictional resistance.

The frictional resistance is developed due to the interlocking of the surface irregularities
at the contact surface b/w two bodies

Consider a body weighing W resting on a rough plane & subjected to a force ,,P*

to displace the body.

Body of weight * W

Rough plane

Where

P = Applied force

N = Normal reaction from rough surface
F = Frictional resistance

W = Weight of the body

The body can start moving or slide over the plane if the force ,,P* overcomes the
frictional ,,F*

The frictional resistance developed is proportional to the magnitude of the applied force
which is responsible for causing motion upto a certain limit.

Limiting
/friction value

A5
L4
mt

From the above graph we see that as P increases, F also increases. However F cannot increase
beyond a certain limit. Beyond this limit (Limiting friction value) the frictional resistance
becomes constant for any value of applied force. If the magnitude of the applied force is less
than the limiting friction value, the body remains at rest or in equilibrium. If the magnitude of
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the applied force is greater than the limiting friction value the body starts moving over the
surface.

The friction experienced by a body when it is at rest or in equilibrium is known as
static friction. It can range between a zero to limiting fraction value.

The friction experienced by a body when it is moving is called dynamic friction.

The dynamic friction experienced by a body as it slides over a plane as it is shown in
figure is called sliding friction.

The dynamic friction experienced by a body as it roles over surface as shown in figure is called
rolling friction.
w
W
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QOEETDEFOTT 3 B a3, 4 €9T2INY) &), ROBTE a3, 4 b/w DT TWEBISH
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Body of weight W

Rough plane

)

™

B = 9T ,ONRINT 2

RV = ANV &)3 3O DOTI
20080 003, g ® = P RWETBOD
IOV

3SR, 5 = BB 3T

"P" 003, DBV BEDag) WARE)  DYTOPRWIBITD I
ARN3OT L3 WOTOTITI) FFREHBOD "5

TR BRAT FREBOD  Ty3CRIER) O ONT FyeeoD,

IVMEIONTIZE 260020, 00003 T, PoU° ToTe00M3TW a &[T FOI
QRET, 3.

Limiting
/friction vallue

p —
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Body of weight W
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7.1 CO-EFFICIENT OF FRICTIONL: It ha been experimentally proved that between

two contacting surfaces, the magnitude of limiting friction bears a constant ratio to normal
reaction between the two this ratio is called as co-efficient of friction.

F

It is defined by the relationship H= N

Where
u — Represents co-efficient of friction
F — Represents frictional resistance
N — Represents normal reaction.

Note: Depending upon the nature of the surface of contact i.e. dry surface & wet surface, the
frictional resistance developed at such surface can be called dry friction & wet friction (fluid
friction) respectively. In our discussion on friction all the surface we consider will be dry sough
surfaces.
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7.2 LAWS OF DRY FRICTION: (COLUMB’S LAWS)

The frictional resistance developed between bodies having dry surfaces of contact obey
certain laws called laws of dry friction. They are as follows.

1)
2)
3)
4)

5)

The frictional resistance depends upon the roughness or smoothness of the surface.
Frictional resistance acts in a direction opposite to the motion of the body.

The frictional resistance is independent of the area of contact between the two bodies.
The ratio of the limiting friction value (F) to the normal reaction (N) is a constant (co-

efficient of friction, |1 )
The magnitude of the frictional resistance developed is exactly equal to the applied
force till limiting friction value is reached or where the bodies is about to move.
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7.3 ANGLE OF FRICTION

w Limiting friction
value
j Body .
p— y
77777777 T 77777777
t\ F F N 45
B\
N \ R —_—
N

P

Consider a body weighing ,,W* placed on a horizontal plane. Let ,,P* be an applied force
required to just move the body such that, frictional resistance reaches limiting friction value.
Let ,,R* be resultant of F & N. Let ,,0* be the angle made by the resultant with the direction of
N. such an angle ,,0* is called the Angle of friction

As P increases, F also increases and correspondingly ,,0° increases. However, F cannot
increase beyond the limiting friction value and as such ,,0° can attain a maximum value only.

Let emax =a

Where o represents angle of limiting friction

tan Omax = tana =__
N

Therefore L = tana

I.e. co-efficient of friction is equal to the tangent of the angle of limiting friction
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7.4 ANGLE OF REPOSE:

Body of weight ‘W’

Consider a body weighing ,,w* placed on a rough inclined plane, which makes an angle
,,0° with the horizontal. When ,,0 value is small, the body is in equilibrium or rest without
sliding. If ,,0* is gradually increased, a stage reaches when the body tends to slide down the
plane

The maximum inclination of the plane with the horizontal, on which a body free from
external forces can rest without sliding is called angle of repose.

Let Omax= @

Where @ = angle of repose

When = angle of repose.

Let us draw the free body diagram of the body before it slide.

w

90-6
Applying conditions of equilibrium.
YFx=0
N cos(90- 6) — F cos6 =0
N sinb = F cosf

tan0 = __
N
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tanOmax = tan @

) F
ut —=
'Viala
W = tana
tan @ = tana
d=aqa
i.e. angle of repose is equal to angle of limiting friction
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= 0U- sind = T cosO
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Ex. Block A weighing 1000 N rests over block B which weighs 2000 N as shown
in Fig. Block A is tied to wall with a horizontal string. If the coefficient of
friction between A and B is 1/4 and between B and the floor is 1/3, what should be
the value of P to move the block B if (a) P is horizontal? (b) P acls 30° upwards to
horizontal? -

Fi
R
-F 8
v s —
Fig. 5.5(=) B
(a) When P is horizontal:
The free body diagrams of the two blocks are shown in Fig. Note the

frictional forces F, and F, are to be marked in the opposite direction of impending
relative motion. Considering block A,
V=0
N,=1000 N ’
ince F, is limiting friction ]
since F, g N2

F,=250N
SH=0

T=F,
=250N
Considering block B,
zvV=0
N,-2000-N,=0

N,=3000N since N,=1000N
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Since F, is the limiting friction F,=p, N,

=-;-x3000=1000N

H=0
P-F,-F,=0
P=F,+F,=250+1000

=1250N
(b) When P is enclined
Free body diagram for this case is shown in Fig.

£y

As in the previous case, here also N, = 1000 N and F, = 250 N. Consider the
equilibrium of block B.

TV=0
N,—2000- N, +P sin 30°=0

N,+05P =3000N  since N,=1000N
~ From law of friction,

-
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2H =0
PCOS30°—F.—F2=0

0.5
Pcos30°-250—(1000—TP)=0

P=121043 N Ans.
Ex. What should be the value of 6 in Fig. which will make the motion
of 900 N block down the plane to impend? The coefficient of friction for all contact
1 "
surfaces is 3 >
8 oh

900 N block is on the verge of moving downward. Hence frictional forces F, and
F, act up the plane on 900 N block. Free body diagram of the blocks is
as shown in Fig.

For 300 N block:
2. forces normal to plane =0
N, -300 cos8=0

or N,=300 cos 6 (1)
From law of friction F, = % N, =100 cos 6 .(2)
For 900 N block:

2. forces normal to the plane = 0
N,-N,-900 cos 6=0
orN,=N,+900 cos 6
Substituting the value of N, from(i) we get
N,=1200cos 8 «os(3)

From law of frjction

|
Fz=% N,=400cos 6 ...(4)
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Y. forces parallel to the plane = 0
F,+F,-900sin6=0
ie. 100 cos 6 + 400 cos 6 = 900 sin 6

5
tane—a

6 = 29.05° Ans.

Ex. A weight 500 N just starts moving down a rough inclined plane supported
by a force of 200 N acting parallel to the plane and it is at the point of moving up the "'
plane when pulled by a force of 300 N parallel to the plane. Find the inclination of ,
the plane and the coefficient of friction between the inclined plane and the weight.
Free body diagram of the block when it just starts moving down is shown in
Fig. and when just starts moving up is shown in the Fig. Now, frictional

forces oppose the direction of the movement of the block and since it is limiting case

=p

Zi™

When the block just starts moving down

2. forces perpendicular to the plane =0 _ (1)
N =500 cos 6
From law of friction, F, = uN »
ie. F,=500pcos0 ' (2)

2 forces parallel to the plane =0
500 sin6—-F,-200=0

i.c 500s5in®—-500 p cos® =200 ...(3)
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When the block just starts moving up the plane
2. forces perpendicular to the plane =0

N =500 cos® ...(4)

From the law of friction, F, = 500 i cos 6 ...(5)
2. forces parallel to the plane =0

500 sin® + F,-300=0
i.e 500 sin© + 500 p cos 6 =300 ...(6)
Addiné (3) and (6) we get -
1000sin 8 = 500

s.m'EI—2

or 8=30° ' Ans.
Substituting it in Eqn. (6) we get: |
500 p cos 30° = 300 — 500 sin 30°
=50
K =0.11547 Ans.

Ex.  Whatis the value of P in the system shown in Fig. . to cause the motion
to impend? Assume the pulley is smooth and coefficient of friction between the other

contact surfaces is 0.20.
. P
P
Aé" - EE;;Q
T
CTTTNET
§
Ny

{b)
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Free body diagrams of the blocks are as shown in Fig.
block:

Z forces normal to the plane =0
N, =750 cos 60°=0
N;=315N
Since the motion is impending, from law of friction,

F,=pN, =02x375

=75N
% forces parallel o the plane =0
T - F,-1750 sin 60°=0
T =75+750 sin 60°
= 72452 N
Considering 500 N body:
IV =0
N, — 500+ P sin 30°=0
N, +05 P=500
From law of friction,
F, =02 N,
= 0.2 (500 - 0.5 P)
=100-01P
IH=0
Pcos30°-T-F;=0
P cos30°-724.52~100+0.1 P=0
P=85352 N

Considering 750 N

Ans.
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4.196

& NI_W_ 10.49 kN
IV=0
W = N2=10.49 kN Ans.

Ex. Two identical planes AC and BC inclined at 60° and 30° to the horizontal

meet at C. A load of 1000 N rests on the inclined plane BC and is tied by a 1‘0&
passing over a pulley to a block weighing W Newtons and resting on the plane AC
as shown in Fig. If the coefficient of friction between the load and the plane
BC is 0.28 and that between the block and the plane AC is 0.20, find the least and the
greatest value of W for the equilibrium of the system.

s %E

For the least value of W for equilibrium, the motion of 1000 N block is impending
downward. For such a case the free body diagram of blocks are shown in Fig.
‘Considering the 1000 N block:

I forces normal to plane =0
N, = 1000 cos 30°=866.03 N

From the law of friction F, =028 N,
=24249N
I forces parallel to the plane =0
T == F,+ 1000 sin 30°
=2571.51 N

Now consider the equilibrium of block of weight W:
Z Forces normal to the plane =0 '

N,=W cos 60°=0.5 W

F,=02N,=0.1W
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I forces parallel to the plane =0
F+Wsin60°=T
0.1 W+ W sin 60° =257.51
. W=26657TN Ans.

For the greatest value of W, the 1000 N block is on the verge of moving up the plane.
For such a case, the free body diagrams of the blocks are as shown in Fig.

T
F:%
N

Considering block of 1000 N,
N, = 866.03 N
’ F_.’ = 24249 N
T = 1000 sin 30° + F, = 74249 N
Considering block of weight W,
N, = Wecos60°=0.5W
F;, =02NM=01W
and Wsin60° - F,=T
W(sin 60° - 0.1) = 742.49

W =969.28 N Ans.
Ex. A weight of 160 kN is to be raised by means of the widges A and B as
shown in Fig. Find the value of force P for impending motion of block C

upwards, if coefficient of friction is 0.25 for all surfaces. Weights of the block C and
the wedees mav be neglected.

- -
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Let & be angle of limiting friction. Then,
0 =1an (0.25) = 14.036°

o
%
o B+%
The free body diagrams of A, B and C are as shown in Fig. The problem

being symmetric, the forces R, and R, on wedges A and B are the same. The system

of forces on block C and on wedge A are shown in the form convenient for applying
Lami’s theorem

Consider the equilibrium of block C.

R, B 160
sin(180—-16-0)  sin2(0+16)

R, 160
sin 149.96  sin 60.072°

R, =92.41 kN
Consider the equilibrium of wedge A:
P R,

sin(180—-8—-6—-16) ~  sin(90+6)

P = 66.256 kN Ans.
Ex. A ladder of length 4 m weighing 200 N is placed against a vertical wall as
shown in Fig. The coefficient of friction between the wall and the ladder is
0.2 and that between the floor and the ladder is 0.3. The ladder in addition to its own
weight has to support a man weighing 600 N at a distance of 3 m from A. Calculate
the minimum horizontal force to be applied at A to prevent slipping.
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MODULE - III: SUPPORT REACTION

Introduction

A beam is a structural member or element, which is in equilibrium under the
action of a non-concurrent force system. The force system is developed due to the
loads or forcesacting on the beam and also due to the support reactions developed at
the supports for the beam.

For the beam to be in equilibrium, the reactions developed at the supports the
should be equal and opposite to the loads.

In a beam, one dimension (length) is considerably larger than the other two
dimensions (breath & depth). The smaller dimensions are usually neglected and as such
a beam is represented as a line for theoretical purposes or for analysis.
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6.1 Types of Supports for beams:

Supports are structures which prevent the beam or the body from moving and
help to maintain equilibrium.

A beam can have different types of supports as follows. The support reactions
developed at each support are represented as follows.

1) Simple support:

This is a support where a beam rests freely on a support. The beam is free to
move only horizontally and also can rotate about the support. In such a support one
reaction, which is perpendicular to the plane of support, is developed.

Plane of support =—, Bear 2

R

A

2) Roller support:

This is a support in which a beam rests on rollers, which are
frictionless. At such a support, the beam is free to move horizontally and
as well rotate about the support. Here one reaction which is perpendicular
to the plane of rollers is developed.

_~— Beam

Bea
_—— Frictionless rollers

Plane of rollers - s "

Plane of rollers

110



3) Hinged support:

Thisisasupf 'Hihgé or 'pi

~ s ofahinge or pin.
The beam is not frep, '

4) Fixed support:

This is a support which prevents the beam from moving in any direction and also
prevents rotation of the beam. In such a support a horizontal reaction, vertical reaction
and a Fixed End Moment are developed to keep the beam in equilibrium.

\
\ Beam

Rt———>!

Rv
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Plane of support Beam Z
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6.2 Types of beams
Depending upon the supports over which a beam can rest (at its
two ends), beams canbe classified as follows.

1) Simply supported beam.

A beam is said to be simply supported when both ends of the
beam rest on simplesupports. Such a beam can carry or resist vertical
loads only.

115



i\

Y

Rs

RA

2) Beam with one end hinged & other on rollers.

It is a beam where one end of the beam is hinged to a support
and the other end restson a roller support. Such a beam can carry any
type of loads.

3) Hinged Beam:

It is a beam which is hinged to supports at both ends. Such a
beam can carry loads isany direction.

R A || B

¢

ReH

Rav Rasv
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4) Over hanging beam :

It is a beam which projects beyond the supports. A beam can
have over hangingportions on one side or on both sides.

5) Cantilever Beams:

It is a beam, with one end fixed and other and free. Such a beam
can carry loads in anydirections.
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6) Propped cantilever:

It is a beam which has a fixed support at one end and a simple support at the
other end.

Rav Rp

7) Continuous beam:

It is a beam which rests over a series of supports at more than two points.
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6.3 Types of loads:

The various types of loads that can act over a beam can e listed as follows.
1) Point load or Concentrated load:
If a load acts over a very small length of the beam, it is
assumed to act at the mid point of the loaded length and such a

loading is termed as Point load or Concentrated load.
l P

1 !

2) Uniformly distributed IoadR(AUDL):

RB

If a beam is loaded in such a manner that each unit length of the
beam carries the sameintensity of loading, then such a loading is called
UDL.

A UDL cannot be considered in the same manner for applying
conditions of equilibrium on the beam. The UDL should be replaced by an
equivalent point load or total load acting through the mid point of the
loaded length.
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The magnitude of the point load or total load is equal to the product
of the intensity of loading and the loaded length (distance).

W=w.L

3) Uniformly varying load (UVL):

If a beam is loaded in such a manner, that the intensity of
loading varies linearly oruniformly over each unit distance of the beam,
then such a load is termed as UVL.

In applying conditions of equilibrium, a given UVL should be
replaced by an equivalent point load or total load acting through the
centroid of the loading diagram (right angle triangle). The magnitude of
the equivalent point load or total load is equal to the area of the loading
diagram.

W=w.L/2

// unitdength

Y

A

2L/5 T L/3

A
—
v

W=w . x/2
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Example 4: Determine the support reactions for the beam shown in Fig 7 at A and B.

> f.=0;
> £, =0;

Z M“ == O. 10 kni 5k 32 kN
il

¥V =10—25=32%V, =0 R 8

: Tt om 477‘\‘*:1;:
V,+V,=67KN;
. Lok 25kn 2kn
2 +ZM“‘ =0 H rﬂ f Fep
—10(2)—25(5)-32(9)+V,(10)=0 v T
V, =43.3KN _Fa-7 bxample 4
V,=23.7KN -
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Example 5: Determine the support reactions for the beam shown in Fig 8 at A and B.

¥ £, =0, H,=0

> f,=0V,-40-40+V, =0
V,+V;=80

M , =0-40(2)—40(7)+ V,(8)=0
V, =45KN

V, =35KN;

_fty-8 Exampls 5

Example 6: Determine the support reactions for the beam shown in Fig 9 at A and B.

2.1 =0
HA —-17.32=0 10Kl
: 10K 5»4" P
H,=17.32KN :
A e " &

EI=0 PR B,
V,—10-20-15-10+V, =0 P A ™
V,+V,=55 P S U

' % TR Rl
c+ ZM,| =0 BT %Lr’ fos
—10%2+25-20(6)+V,(8)~15(9)~10(11) =0 P59 Examples

V, =45KN;V, =10KN
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Example 7: Determine the support reactions for the beam shown in Fig 10 at A and B.

>f, =0
H,—R,sin3(f' =0

H, =05k,

D f, =0V, =20+ Ry cos30" =0

V, +0.866R, =20 - o )

‘:"*'ZMg =0; WK

~V, (10)+20(6)=0 i #T;T

-V, =12KN: e 2 e

R, =9.24KN. A Ya “Rg p

H,=4.62KN. -t
Ag 10~ Eaample 7 Hg < Rg
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CENTROID OF PLANE FIGURES
4.1 Centre of Gravity:

Everybody is attracted towards the centre of the earth due gravity. The force ofattraction is proportional
to mass of the body. Everybody consists of innumerable particles, however the entire weight of a body is
assumed to act through a single point and such a singlepoint is called centre of gravity.

Every body has one and only centre of gravity.

CENTROID €355 ¢)e330s €903
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4.1 Centroid:

In case of plane areas (bodies with negligible thickness) such as a triangle quadrilateral, circle etc., the
total area is assumed to be concentrated at a single point and sucha single point is called centroid of the plane
area.

The term centre of gravity and centroid has the same meaning but the following differences.

1. Centre of gravity refer to bodies with mass and weight whereas, centroid refers toplane areas.

2. centre of gravity is a point is a point in a body through which the weight acts verticallydownwards
irrespective of the position, whereas the centroid is a point in a plane area such that the moment of areas
about an axis through the centroid is zero

Plane area ‘A’
G
gz 9 1
dz d-
az a1

Note: In the discussion on centroid, the area of any plane figure is assumed as a force equivalent to the centroid
referring to the above figure G is said to be the centroid of the planearea A as long as
aid; —a>d>=0.

4.1 F0&39,035¢
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B VR TCOTW MBI TREHBOD a03), FCOTRIOW) BVRODT TP IR ST &
eINRDRIS T 35 TOgAND.

1. MBITFREBON FLOTW)Y) TW3)a3500D 203, SRTEBRONT TEBNF Y, Ve3¢NRIITS €333
ROE3YOIE LIV, APV AIZ el &y3C3NSD.

2. BT TREBOD FCOT)ed) LIS 2,0T30 2DOTWIINTY, 9T NPT LR Teg) OOWaN
FOODE DI LRIZ B AN, 38,80 FFIDN, 33 B0 N3 IS TE).

2,083) WOTNRNES 903 €3 Fed < TSNS 2,0 W, BDROT 9T TCOTIHIOT)
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G Had $% oDy Ul 1O A 31Tg THM 3 IR T WOT6 B
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[ e

faum &= 3r

gz a1
d2 d

a2 a“

dY: Helseaiio ddd, § P! [dHM P 8he Th §6¢ UM JaId RO Sld diIo ]
g U= IS GHed G BT fAHMET dafdg 31 3R Teo SITdas 3 Sigdd A
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4.1 METHOD OF MOMENTS TO LOCATE THE CENTROID OFPLANE AREAS

Plane area ‘A

il

Let us consider a plane area A lying in the XY plane. Let G be the centroid of the plane area. It is required to
locate the position of centroid G with respect to the reference axis like Y- axisand Xi- axis i.e, to calculate X
and Y. Let us divide the given area A into smaller elemental areas a1, az, as ........ as shown in figure. Let g1
02, O3...... be the centroids of elemental areas a1, a2, az etc.

Let X1, X2, X3 etc be the distance of the centroids g1 g2 g3 etc. from Y- axis is =A X ----- 1)

The sum of the moments of the elemental areas about Y axis isai . X1 + az . X2 + az . X3 +(2)
Equating (1) and (2)
A.X=a1.X1+a.X2+33. X3+ cevenni.n,

X = — . %X ta,. X, Tag. Xyt

X = - M _orw
A A

Where a or dA represents an elemental area in the area A, x is the distance of elemental areafrom Y axis.

Similarly
— al.yl+a2.y2+a3.y3+........... Y =
A
A A
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R0E39)035¢ 9, V333,00 FONY POV )OS &)T3ICSneD

XY RS, 9TIe3 B3O RT3 A 930, Moe)) BONBALLED. G A3 RT3eII
FCOTHOTNWINTD. Y- 9FTOIT NE3 (DT 9T T, AOWORNAT03 A0EIYAIT G Ao, a3,

FOTBI O eINMB5e)TWeDI), Xi- €38 ,A° e90TT, X aDI), Y e93), €3%0,2503 2300030, o))
QLRI TS A €930, BT, POZVTRTT, )P RARCLD JC3N a1, a2,a3........ 33 3C)

e9E3TOT X 1, X 2, X 3 B35 OTN & BWRT S B TCOTIOTINE g1 7927 3 BIsD DOT 34
9T YT =ed X -

1)

Y 9T 71, POIVCRIE RSN TN 3e3a1.X1+a2.X2+a3. X3+ (2)
FeDCTTEd (1) 203, (2)

o . X=a1.X1:a2.X2+a3.X3+ ...........

X = — a;.%X ta,. X, Ta; . Xgt.eoorniin

o @y Jva
A A
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XY faHHIT SIS THAS &85 A 91 fIaR $&. G 31 A0 &3 dafag AT Y- 3ef
R TaH siema deuld USRe G o R MYV HTTZTD TR 30T Xi- 31&f TRt X 3f0r

Y < U1 HRUGMTET. U0l feoed &7 A 01 o8 oadiae fAUr a &3 a1, a2, a3.......

TP RIGETIHTO. TBT g1, g2, g3...... JOG BElag BT & 311, 32, as g.

Ax1,X2x33 AU G AR ATEALTSH 9192933 TR Y- 3H&l 38 =T IR
®?)
Y SHETEE AT GoYd &7 &UTd oIl 3ga 1. xg+az. X2 +

JHIHRT (1) 30T ()

U, UF=a1.Xg+az.X2+asz. X3+ ...........

W: - al.X1+a2.X2 +a3.X3+ ...........

g

Y=

(@y) Y: [y-an
A A
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Centroid of a triangle

.
A
|
|
I
- A
S
) # 4
o -t
hi |
'y X G
L T_
L Y
M -
fommeoenen oo f \
b

Let us consider a right angled triangle with a base b and height h as shown in figure. Let G bethe
centroid of the triangle. Let us consider the X- axis and Y- axis as shown in figure.
Let us consider an elemental area dA of width b1 and thickness dy, lying at a distance y fromX-

axis.

W.K.T
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o

- h
y=2 - _|y* ¥
h 2 3h

L 0

2 3
y=2 - _|h"_ N
h 2 3h

2 2
Y:2 - h__h_}
h 2 3
Y=2h [1_1}

2 3
y=2h -
6

Y= h simifarly X =b -
3

w |

R0639,03¢ 8 3,30

333 302330303 WEE® b a3, 33 h BRODTIET OOWFTALS TR, Do)
BONBRPCLD. 23 TR FCOTYOT) YBRES. Dosg) TWONDALED B X- 9T a3, Y-
2953683 2333, 303003,

£923T0Z STt WONEIR 2,073 POIIVATT T3¢ dA & eaned bl 303, T3, dy, RO,
S, 2 BRT Wy DOTWRTS-€9F.
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dciss =1 o S
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l
o A |
w) |
T @
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hi i B
Vi e, G
L _
. ’Y
e ¥ -
fomemee e f )
b

ATFHdld SRATETHIY b 10T ST h ST Blch - Hb I faaR
. G Y TG AT HAT! BV I6T [daR HEAT G X- 3f&f SATOT V-
3{&f TPiTd GrRAaedTHHTUL,

T ITRTS] faaR B0 Uh GHUd &F AT dA Fd1 bl IO STS! dy, Wie
S0 Y a 3R y URYAUTT- 38,
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Centroid

of a semi circle

Let us consider a semi-circle, with a radius ,,r*.

Let ,,O* be the centre of the semi-circle .let ,,G* be centroid of the semi-circle. Let us consider

the x and y axes as shown in figure.

Let us consider an elemental area ,,dA™ with centroid ,,g as shown in fig. Neglecting the

curvature, the elemental area becomes an isosceles triangle with base r.d6 and height ,.r*.

Lety be the distance of centroid ,,g* from x axis.

2r
a

Here y= ?.sin

WKT

jy.dA

rdgr

N -

dA =

=2 jr sin@.de
3

l; - ET[sinf)dé’
37 5 '

2r -
= Rcos@d”

o Fcoso

=20 [1+1]

3z

V:ﬁ
3r
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R0&39,03¢ & €938 &Iy3,

[ Y= (21/3) sin 6 x=0

X

93T [N SONBR o LIS 3,, BOIN o 2o "e3T*".

"0" P33 B FEOWNTS) . "G" 936 3,3 T FLOTHOTIINTD). Doag)
TONEIRRCLD X 503, 33, 23FTE), 3RDATITOI 5T

e923T03 [T F[ONBR 20083 PoIIVRRE Y33 "dA” B3N FCOTRIOT)
"B" 0T 3REDRIING WwPN WORRT DDEFs 33300 DEIH3, B
703)CRBT BT 3MIZ T 20T AR R2IVTBING) TelS B3N 23¢A° r.do
23, 3T "esT*".

€923T03 233 DO B BRT & FLOTIHRIOT "B DO X e9FTCB.

2 807
7
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Centroid of a quarter circle

—_——————
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Let us consider a quarter circle with radius r. Let,,0 be the centre and ,,G* be the centroid of
the quarter circle. Let us consider the x and y axes as shown in figure.

Let us consider an elemental area ,,dA* with centroid ,,g* as shown in fig.

Let ,,y* be the distance of centroid ,,g* from x axis. Neglecting the curvature, the elemental

area becomes an isosceles triangle with base r.d® and height ,,r*.

1
Here y = 2" siné dA= _.rdgr
3 2
2
WKT
da=" 4o
jy.dA 2
_ G — — 4r
- Y= = 4T 10+1
Y= A 3ﬂ[ 1
2r r? ar
e ) Taete D) o
5 3 2 7
2
Ty F
: Similarl
jy.dA 4 y
- — 4r
Y: _— 71'/2 X - —
A =4 jsine.de 37
37
2 Ging dA "
J- 3 Sinh&.

—2r %
¥ = == Fooso'?
3z
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PROBL EMS:

Q) Locate the centroid of the T-section shown in fig.

|« 100 |
_T_I - ¥ X
Ay $ 0, 20
y T -
J— TG
|
100
fo,
Al
|
|
—+ 20 |«
v

Y
All dimensions in mm

Solution. Selecting the axis as shown in Fig. we can
say due to symmetry centroid lies on y axis, ie. x = (.
Now the given T-section may be divided into two rectan-
gles A; and A, each of size 100 x 20 and 20 x 100. The
centroid of A; and A, are g;(0, 10) and g,(0, 70) respectively.

. The distance of centroid from top is given by:

0 100 =20 = 10+ 20 = 1000= 70
Y= 100 x 20 + 20 x 100

=40 mm

Hence, centroid of T-section is on the symmetric axis at a
distance 40 mm from the top. Ans.

Q) Find the centroid of the unequal angle 200 x150 x 12 mm, shown in Fig.

— 150
Ol% i1
F . 17 X%
y 9 NA: T
i G
200 ||g,
A,
¥y -

nts

Al
All dimensions in mm

147



Solution. The given composite figure can be divided into two rectangles:
Ay =150 x 12 = 1800 mm?
A, = (200 - 12) x 12 = 2256 mm?
Total area A =A; + A; = 4056 mm?

Selecting the reference axis x and y as shown in Fig. 2.30. The centroid of A, is g; (75, 6)
and that of A, is:

33[6, 12 +%(200—12)J
ie. g, (6, 106)

Movement about y axis

Total area
Ax; + A,
A
_ 1800 x 75+ 2256 x 6 e
4056
Movement about x axis
B Total area
Ay + A4,
A
1800 x 6 +2256 x 106

= = 61.62 mm
4056

X =

Thus, the centroid is at ¥ = 36.62 mm and y = 61.62 mm as shown in the figure Ans.

Q) Locate the centroid of the I-section shown in Fig.

&Y
Il |1—1Dﬂ—4b|
20 Ay +0,
- -
—# 2{[} —
Al
100 g,
|G
!
| |
! e ¥
- +
30 A $0:
£ i . x
ID o
: 1% ;

All dimensions in mm
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Solution. Selecting the co-ordinate system as shown in Fig. due to symmetry centroid must
lie on y axis,
fe: Xx=0
Now, the composite section may be split into three rectangles
Ay =100 x 20 = 2000 mm?
Centroid of A, from the origin is:
¥y =30 + 100 + % = 140 mm

Similarly A, =100 x 20 = 2000 mm?
100
¥ =30 + 5. = 80 mm
A; = 150 x 30 = 4500 mm?, and
30
y3=? =15 mm

— _ A A, + Az,

A
2000+ 140+ 2000 x 80 +4500 x 15
B 2000+ 2000+ 4500
=59.71 mm
Thus, the centroid is on the symmetric axis at a distance 59.71 mm from the bottom as shown in
Fig. Ans.
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MOMENT OF INERTIA

The Moment of Inertia (l) is a term used to describe the capacity of a cross-section to
resist bending. It is always considered with respect to a reference axis such as X-X or
Y-Y. It is a mathematical property of a section concerned with a surface area and how
that area is distributed about the reference axis (axis of interest). The reference axis is
usually a centroidal axis.

The moment of inertia is also known as the Second Moment of the Area and is
expressed mathematically as:

Where

y = distance from the x axis to area dA
X = distance from the y axis to area dA

RADIUS OF GYRATION k

The radius of gyration of an area with respect to a particular axis is the square root of
the quotient of the moment of inertia divided by the area. It is the distance at which the
entire area must be assumed to be concentrated in order that the product of the area
and the square of this distance will equal the moment of inertia of the actual area about
the given axis. In other words, the radius of gyration describes the way in which the
total cross-sectional area is distributed around its centroidal axis. If more area is
distributed further from the axis, it will have greater resistance to buckling. The most
efficient column section to resist buckling is a circular pipe, because it has its area
distributed as far away as possible from the centroid.
Rearranging we have:

l, = kA

l, = ky%A

The radius of gyration is the distance k away from the axis that all the area can be
concentrated to result in the same moment of inertia.
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The moment of inertia of an area with respect to any given axis is equal to the moment
of inertia with respect to the centroidal axis plus the product of the area and the square
of the distance between the 2 axes.

The parallel axis theorem is used to determine the moment of inertia of composite
sections.

¥y’ = Centroidal axis

I, = J.(.1."+d3.)3dA

4

(10" +201d,)+(d,)*1d4

1N

X '= Centroidal axis

[)2aa+ [2(3)d,)da+ [ (d,)*d4
4 4 4

0.y =0

x =I,42d [§'daxd,’ [ da

ol A7 R A

Perpendicular Axis Theorem

Theorem of the perpendicular axis states that if Ixx and lyy be the moment of
inertia of a plane section about two mutually perpendicular axis X-X and Y-Y in
the plane of the section, then the moment of inertia of the section 12z about the
axis Z-Z, perpendicular to the plane and passing through the intersection of X-X
and Y-Y is given by:

l22= Ixx + lyy
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The moment of inertia Iz is also known as polar moment of inertia.
8.1 Determination of the moment of inertia of an area by integration

dx

These computations are reduced to single integrations by choosing d4 to be a thin

X

The rectangular moments of inertia I,.

and I, of an area are defined as

Ii= J._vz dd I = | x* d4

strip parallel to one of the coordinate axes. The result is

1 5
di_=—y dx
x 3}

dI, =x"y dx

« Moment of Inertia of a Rectangular Area.

Y _— dA = bdy
/

/

{

h%///////////é dy

y
B

y’

; _—dd4 = (b/2)dy
hI W) 3

& y

> X’
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ta]

<

——— dA = (h/2)dx

L

H

T A

=t

=

L

a

dA4 = hdx

VA

_.._ _»..M .
%///JHW ..m .*. T
A|.hv_ ~

bh’

VA

h 2
EEl (bh){g)
bi’
4

bh’
_om o

12
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« Moment of Inertia of a Triangular Area.
y
Integrating dI_from y = 0 to y = h. we obtain

Tf ¥ I=[ydd
h -y }

0

: 2

h

h
g f (hy* —y*)dy

' o W

h —dy h
4 3
1 B bh
) B h——— =
! mZ-25-=

¥ X
55 | B I =1 +Ad’
I =1I - Ad*
de =J,~3 dA dAd =ldy .

_bh®  bh h a_ﬂ

Using similar triangles, we have

I_h—_v ; bh—y dA=bh_"vdy

b h h h
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Properties of plane areas

1 ‘" Rectangle (Origin of axes at centroid.)

; } h h

] E A = bh \ 5 y 5

h A —

| [ !; : bk

1 3 . —_— , =
P R 12

bh

[, =0 I, = th'-’ I h7)

[
b=

Rectangle (Ornigin of axes at corner.)

I bh? hh
/ ,f == ="

(o) ; b’ Y bh B2 g i b
4 RSy NS " = 3 —-(n° =+ 07) = 3 3
ﬁ/] l Xy 4 I 3 ni (1(1)' + h']

Triangle [Origin of axes at centroid.)

M peesy
_E bh b+ .
h ——{—\ A== o= F=g
¥

‘ c . gz 3 3
s A
L e § 9 3 i ¢+ )
bh? bh 3
I"’=ftb“2") ;,:55[&2+!;3-bc+c71
¥ ot Triangle (Origin of axes at vertex.)
B— TB
/ bh? b
I =— I,=—(3h" —3bc+ ¢t
Al '[ %= . 12( b ¢+ %)
o % bh? b

2
!xy=2—4(3b—2(‘) I“n':T

Tsosceles triangle (Origin of axes at centroid.)

hh h .l
A=— X = y=
2 > 3
X
5 bi? b
o R Held
3 T
=y 1= Be
v AT

(Note: For an equilateral triangle, b = /35,2
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b Right triangle (Ongin ol axes al centroid.)

—
b~

h
c = X
B l ————~\X # -p 5 \ 52
-1 o P B L BE
36 Y36 % 12
hh b
=" (B +b%)  Igy=
»= 3 6( + 87) 8= s
7 5 |} o Right triangle (Origin of axes at vertex.)
b’ hib* b2h?
» [HE = Yt T
bh = ] hi!
OI‘_h‘_"'l X lp= [2 (hz + bh) IBB= 4
8 ¥ Trapezoid (Origin of axes at centroid.
S L pe (Orig )
hla + b) _ h(2a + b)
A = y -
2 3a+ b)
h*a® + dab + b?) h*(3a + b)
I.\: = IBB - ——
36(a + b) 12

Circle (Origin of axes at center.)

, wd? art  nd*
A=mr*=— I, =1,=—=
- 4 64
2o _wrt md? . Sar*  5nd*
e P2 32 4 o4

10 y Circular ring (Origin of axes at center.)
Approximate formulas for case when ¢ is small.

nd>t
A = 2nrt = ndt 1x=l,,-7rr31=~8—

) . d’t
Ly=0  L=2wdt="r
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Semicircle (Origin of axes at centroid.)

7r? dr
A = e— ',—7 — —
2 3n
9% — 64t 4
= e r ~ 0.1098+* I,= B
2n 8
4
nr
Ixy = 0 IBB - ?

12 Y

Quarter circle (Origin of axes at center of circle.)

nr = 4r
A=— x=j,?=_
4 3n

(9% — 64y
Igp = ———— =~ 0.05488+*
144n

Example

Determine the moment of inertia of the shaded area shown with respect to

Quarter-circular spaudrel  (Ounigin of axcs at vertex.)

s 2r 07766 (10 = 37
X = ~ (. 3 i 2R
3@ —7) N G o

~ 0.2234r

n 1 =
I_‘=(1———)r‘z0.01825r‘ Iy=IBB=(§—R

)r“ ~ 0.13707*

each of the coordinate axes.
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* Moment of Inertia /..

Substituting x = @ and y=b

y=h’
b=ka’
b
k=—
o
a 5
y==x" or x=—5y"
a b

b b
2 a r %)
=a|y'dy-— |y dy
!. b"--!,' y
av” a 2 4, i
S| 1/2 (:.V' —)
3, 821 7,
ab> a 2. .,
e R e
3 b”(‘/' )
_ab’® 2ab’
& 5
=£ &
21
IJ__zrxldA
y
= [ x2ydx
[}
% b
= |2’ (—xh)dx
0
=— | x'dx
a s
IS ‘
= —;)(T)
2 o
a°
= az}( 5)
a’b
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Example

Determine the moment of inertia of the shaded area shown with respect to

each of the coordinate axes.

+ Moment of Inertia /..

¥
(@b) 1= [y
A
b
2 = [ (e = x)ay
Y =X 0
£ b
dy T2
_— ¥ = [ 0" -y
! dd = (xy- x)dy o
b b
v = [y - [ )y
0 0
b b
2 8
77 4,
=%b'”2_b_4 g
7 4
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» Moment of Inertia fy.

-}?

X X
40 5IJ
4 5
a’ a
== _= {—
4 5

Moment of inertia of composite areas

\ A similar theorem can be used with
o the polar moment of inertia. The

‘ polar moment of inertia

J,, of an area about O and the polar
moment of inertia J . of the area
about its

The parallel-axis theorem is used very effectively to compute the moment of
inertia of a composite area with respect to a given axis.
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Example

Compute the moment of inertia of the composite area shown.

100 mm
[——

'y
25 mm N 75 mm
T '.4.\ I
\__/
75 mm
¥ x
SOLUTION
100 mm |
A
25 mm 75 mm
B e, S W R 2

75mm =(d)c;,

Y

x

bh’ _ .
Ix = {T}E.e-:r - (Ir +Ad,1_}ﬁ'r
1 ]- .} ¥
= [g(mﬂ)(lﬁﬂﬂm - 7(25) + (7% 25°)(75)% 1

=101x108 mm* <=
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Example

Determine the moments of inertia of the beam’s cross-sectional area

shown about the x and y centroidal axes.

100 Y

.

{ 1003

-
i
L

100

«— 600 ——»

Dimension in min

SOLUTION ¥
_ 100
il
1 4
|
400 Td,,
1003 [ {E X x
Cldpy || 400
D y
g
100
600 —»

Dimension in min
0
— ] — /' 5 — ]
I:r = (Ir +Ad.1_)_d + (I:r + A(I.fj'_)ﬁ +{Ir +Ad_\'_)f

= [lij (100)(300)” + (100> 300)(200)3]+[% (600)(100)° + 0]
+ [1% (100)(300)* + (100 % 300)(200)*]

=2.9x10° mm* <
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[a—

(=]

=
—

x4

400
FRUES | X x

Cle——p] | 400

N
[ae™[§

100
—— 600 ——»

Dimension in mm
0

A - 5
I.l = (I1 +Ad1;)_{ + (I\ +A€f_r2 )B + (Il +Adx;)("

= [1% (300)(100)° + (100 % 300)(250)° ], +[— (100)(600)° +0],

1
12
+{%(30@}(100}3 +(1 OOX300)(250)1]C

=56x10° mm* <4
Example

Determine the moments of inertia and the radius of gyration of the
shaded area with respect to the x and y axes.

}!
12 mm|12 mm
L | | 6 mm
8 mumn —w| | |[e— #
24¢mm
ol X x
24 mm
v
6 mm
. 4 >
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SOLUTION 0

/""‘w — 2
v I,=(I,+4d}),+(, + Ad )y + (I, +4d ),
12mm|12 mm '

= = —1 gV 3 YA Y7 2
Ee—1; 6¢mm =[5 (@24)(6) +(24x6)27)'],
8 mm —»|

+ [li,, (8)(48)° +0],

o 1 |
T (48)(6)° + (48 x6)(27)°],
— S I =390x10° mm* <=
24mm 24 mm — -
y 4 390x10
ke=q— { =21.9mmé=

Va \', [(24 % 6) + (8 x 48) + (48 % 6)]
8 0 0

/'.'.‘ _ ’_-“- > —_ ? 2
Iy = (I_\ o A.'dx-).i F (I\ =+ A.'dx-)B +(I1 * ‘4"(7:(- )C

- [%,(6)(24?]_, +[1i7 48)8)°], +[1L7(6)(48)3]c

=8.87mm {4

¥

I =64.3x10°mm* < - fl;= ’{ PTTRTTS
A V[(24%6)+(8x48)+(48x6)]

Example

Determine the moments of inertia and the radius of gyration of the
shaded area with respect to the x and y axes.

y
D.5n1+| 2Zm Zm tiﬁm

e
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0
2m | 2m . 1, s 5 o 5
0.5 m_” "—N_" |4_ Gm L=, '*'Afiy_).ﬁxe —I +A4d, )y — (I, + 4d ") g
! h
B 4 > I 1 :
KN e =[5 )(6) +01, ~[5 ()2’ +2xH(2)]s
. ) - -
' 1m 1
4 =¥ Y —x —[—= (@) + (@ x1)(1.5)
7R [ OO +@xDA5) e
x ]
(&4 L4 1m
: 1 I=46m* <=
: | 1m '
[+ | g
0.5m~ |« » [ 05m k, = e ;’ Ae =1.599m =
Va4 VI(5x6)-(4x2)—(4x1)]
0 0 0

Example

A

1=, +4d.) -, + 40,5, -0, + 44,7),
1 A3 1 3 1 3
=[1_)(6)(3) 14 _[1_’(2)(4) 15 —[F(l)(4) le

I =465m* <—

1, | 46.5

5V T Gro-@2-@xD]

=1.607m =

Determine the moments of inertia and the radius of gyration of the

shaded area with respect to the x and y axes and at the centroidal axes.

¥y
1 cm 1 cm
- -
Fy
5 cm
1 cm
X
- >
5 cm
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1 em 1 cm » Moments of inertia about centroid
M [+ I=I-4d}
e =145-(15)(2.5)°
5 cm 0—; ___‘_C_Q'___:__ _________ . =5125cm* <
B OR
35 Y _ 1 . .
1 cm RErr . L= 3[(5 MG +GxHO)7]
" SO+ G
?ZA=Z?A =5125cem* &=

2(3.5)(5x )]+ (0.5)(1x5) _ o T SO
3(51) L =14 =2C, O +EGD@ T+, 06)

=51.25¢em* =

Y=

=25cm

+ Moments of inertia about x axis

1 _— = Ieras

L=ACOE +EDE T+ OO | f ok = B 2225y gagem &
12 3 e NA ¥ 95

=145 cm* <

Example

The strength of a W360 x 57 rolled-steel beam is increased by attaching a
229 mm x 19 mm plate to its upper flange as shown. Determine the
moment of inertia and the radius of gyration of the composite section with

respect to an axis which is parallel to the plate and passes through the
centroid C of the section.

229 mm u
:T 19 mm

C o

358 mm

S|

e

172 mm
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SOLUTION

19 mm 229 mm

% e A

! 188.5 mm

¢
<
358 mm o

£~< |;
e

=N

e

172 mm
« Centroid

The wide-flange shape of w360 x 57
found by referring to Fig. 9.13
A4=7230mm? I, =160.2 mm*

Ay = (229)(19) = 4351 mm?
YZA=3y4
Y (4351+7230) = (188.5)(4351) + (0)(7230)

Y =70.8 mm

Polar Moment of Inertia

+ Moment of Inertia
Ix' = (Ix')plara =z (Ix')uids-ﬂange

= (I_x' + Adz)plate + (fx' + 'Afz )wids—ﬂange-

o [%(:39)(19)3 +(4351)(188.5— 70.8)2}

+[160.2x10% + (7230)(70.8)*]
256.8x10% mm*

I.=257x10° mm* <=

<

+ Radius of Gyration

2 Lo 2568x10°
A4 (4351+7230)

k,.=149mm <=

The polar moment of inertia of
an area A with respect to the pole
O is defined as

5

J0=[r"¢4

The distance from O to the element of area d4 is r. Observing that r2=x2+y 2, we

established the relation

Jo=1.+1I,
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MODULE 5. KINEMATICS
INTRODUCTION TO DYNAMICS

Dynamics is the branch of science which deals with the study of behaviour of body or
particlein the state of motion under the action of force system. The first significant
contribution to dynamics was made by Galileo in 1564. Later, Newton formulated the
fundamental laws of motion.

Dynamics branches into two streams called kinematics and Kinetics.

Kinematics is the study of relationship between displacement, velocity, acceleration and
time of the given motion without considering the forces that causes the motion, or
Kinematics is the branch of dynamics which deals with the study of properties of motion
of the body or particle under the system of forces without considering the effect of forces.
Kinetics is the study of the relationships between the forces acting on the body, the mass
of the body and the motion of body, or Kinetics is the branch of dynamics which deals
with thestudy of properties of motion of the body or particle in such way that the forces
which causethe motion of body are mainly taken into consideration.

B3 400eTY, T 300eF,,, BWOFOD (BOELZRTT® €30 B300eddTY T 300eddTY)
RRETYT BB, 835533,03 B0 9B ONE). OO 2, 30N T3 €90
T SBRPLTOD LF;0NST, AOWORDAT do, ST Toa30300N:.

B 400eTS, WRTWE NaNOTE TRTIT 1564 3&). ROD3E 3508
S033, SsET* O[O eDRDLBR I AODEINF ), CRDAITI.

B 4300e)T, TOBNP, FOS[TOA,, o0, WOSTR,; 0T TTODN, 303
DT 2,,0e0.59N LJONBARSING.

T 3339953 T% A $0I3TTW SIS FOWOTET 93500 NT.

3¢

BOINR ToTLewNIeS FINTT), BVONBRE AR BOIJOD SCNSEES
AVCAIRTR oW

OB T y3a005E3TT  OWIT)  ByooeddT,, JoB0IND,, IJINY
BRI, BONBAT FINY 2353%,030 IRONE), WCHBTI €930 FEITI
WOI[OD MEIDOTEINE 93 ;0N[TRODN 235e3BORISE.

WOSIOR, o) CBT 03 FToODE D3 oA FINY ST ROWOPNY
(SIANOWINIADIAIA]

BB T3e35009 a0 3), BEBTS WO

uf=g TO STATHaT

STOATHRT 31Te XRAT =41 fAgH & Tie U8 § 3119 =1 9o+ =0T YRR fohar sorerarit
U et Sfavid Tt (Udia. qrat afge Agwayqul aiTa 1564 A&l Tferarsi=
SR TR $d Bld. R ﬂcﬂq%ﬁ%wﬁ.w
SHHEY HeY YT &1 UdTg W UIdTd STIOT IR
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TR 31T & 31T =T AT FieTciiel AT, o, TaT HATFOT a3 Tt HhRUfYd
ST Rakiia fdaR = HRal faaiedT Tt fdhdl fhaaica Mg S/ aead! qmar
ST IR i1 It SRl Hafed 318 fdhar ot siavid gorma Rradtan
fR1ar faaRTd 934 € YR =1 ekl

TR T80T IRRTAR HI HRUMT k!, IGAH ATt Saeim $1ard & IRR
311701 & el =T TR, febram TR o118 & 2T = foiterar & WS e gRRRm
fohaT U= Tl TuTeH T S1=1T TR ST HR0! B SaTHS HRUNYT kil
Tl =1 *RR 3MTed A Uddd 7el faar

TECHNICAL TERMS RELATED TO MOTION

Motion: A body is said to be in motion if it is changing its position with respect to a reference

point.

Path: It is the imaginary line connecting the position of a body or particle that has been
occupied at different instances over a period of time. This path traced by a body or
particlecan be a straight line/liner or curvilinear.

Displacement and Distance Travelled

Displacement is a vector quantity, measure of the interval between two locations or two
points, measured along the shortest path connecting them. Displacement can be positive
ornegative.

Distance is a scalar quantity, measure of the interval between two locations measured
alongthe actual path connecting them. Distance is an absolute quantity and always
positive.

A particle in a rectilinear motion occupies a certain position on the straight ~ efine this
position |ine. To dP of the particle we have to choose some convenient d origin

(Figure §eference point O calle

Let,

P —> Position of the particle at any time t1
x1—> Displacement of particle measured in +ve direction of O
x>—> Displacement of particle measured in -ve direction of O

In this case the total distance travelled by a particle from point O to P to P, and back to
O isnot equal to displacement.

Total distance travelled = x1+ X + X2 + X2 = 2(X1 +
x2).Whereas the net displacement is zero.
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Velocity: Rate of change of displacement with respect to time is called velocity denoted by v.
Mathematically v = dx/dt

Average velocity: When an object undergoes change in velocities at different instances,

the average velocity is given by the sum of the velocities at different instances divided by

the number of instances. That is, if an object has different velocities vi, vz, V3, ..., Vi, at

times t =ty, to, t, ..., tn, then the average velocity is given by

V = (vi+vo+vat....vn)/n

Instantaneous velocity: It is the velocity of moving particle at a certain instant of time. To
calculate the instantaneous velocity Ax is considered as very small.

Instantaneous velocity v = At>0 Ax/At
Speed: Rate of change of distance travelled by the particle with respect to time is called
speed.
Acceleration: Rate of change of velocity with respect to time is called

accelerationMathematically a = dv/dt

Average Acceleration

Consider a particle P situated at a distances of x from O at any instant of time t having a
velocity v. Let P, be the new position of particle at a distance of (x + Ax) from origin with
avelocity of

(v + Av). See Figure 5.2,

Figure 5.2

Average acceleration over a time t, is
given byaavg = Av/At

Acceleration due to gravity: Each and everybody is attracted towards the centre of the
earthby a gravitational force and the acceleration with which the body is pulled towards the
centre of the earth due to gravity is denoted by 'g'. The value of g is normally taken as 9.81
m/s?.
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o FED e in a rectilinear motion occupies a certain position on the straight ARF,
Q@ line. To dP of the particle we have to choose some convenient

NS reference point O calle &
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93T,

R -> TN S D I, TEe O30 WOT A0 t1
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3N APV IOINTS eNROT V.
Re33T02,,603e30N v = dx/dt

F09XD RWeN: 2,07 WAL, NPy ROWEENP ), RENTE), WT0SWBNR
2PN, ATIAD 3N, PRy ABIEINY S BNNY L[BRIDOT
230NA NBMIZ T BTSN B0835. O3, 20T WA, Py,
ﬁeﬁﬁ%fUD&ﬁ@O@wodvl,Vz,V& vy Vo, @@ﬁ\ﬁ)@ét:ég 1,8 2,t3, ..., th,
S03T D TR &M AW AT SDROT

) =(V1+V2+Vs+...vn)n

33,00 BN BT 93 O BN S BORT Beo I, & ID,3 3,03 & RaHA. i
€350,2500 & 33,6073 2367 AX BOMEIRCIOMITS 300230 R,

33,6973 &M v = At 0 5 Ax/At
RN T3 S 0T BRT sDROT a’gddmeé%wdo B T BR3IN NPT i}

ADOD YT Q0TI FTOW3TIIEN.
DNVFES: WO & WW03T 3N B3N P33 IR ANOD VT

DO T3 MBI FEINEBDITOR,,LO0ION 6d =
E3e)/C3E3

R00X0 AR FZFS

t BRODTI AT FEATIE), O DOT X TRTW).BIe3 Bed P €93, [SONBA
SNV, D arer DO O BRA AN & T ). d BRT & (X + AX) DOT aDLR

BR3N DN S
(ed + AV). 233) SC8 5.2

2,0T3) BEDODNTE). FTOAD
SCMBEESIOIN t 930,
ACBEONMIZ T32,0T
<oexd = AV/IAL
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STAESTMITYVNITIT,TRE TBOD WORDOT 203, B33, FCOTTW RN
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difae ordt Heiferd To et

Tel: T IRR 318 TEUITHT HRUTATITST 30 ALY 7Tl aR o 3118 T deaul (U I8 31ex
HROINTS! a Heufag

UY: B U Hledi-id Y01 3MTe St IR fdhar wumedt fRydier sied aamaad 3y
TS ISTE0! Ut a BIaradt =1 des 1 A1l gR MU a TRR fhaT BB b
30 o IS ATRV/ARR fohar agh

far=umg= 3nfor SiaR warT

faRITY 7 ddex JH10T 3118, GIF fhal G WM SfaRT AT 701, AISTATT a9 §
TaTd Te AN dHrde HRd 3MTg AT [T B vl S0 YHRIAD fehal
TADPRIHD
3{eR 3Tg a TR YHTUT, HISTHTY =41 § AR idTdid GIH R A §19Ha
qfdd AT e dRd 3T AT SR 3MTg U RU&T THTT ST A5 H! FHRIAD
%{’T e in a rectilinear motion occupies a certain position on the straight LIEEE
line. To dP of the particle we have to choose some convenient d Hed
(W keference point O calle

3Tt 4.

it > Rt =1 T Y ST HIUdE a1l
x 1 —> TARITY =1 BT HISTHIY AL +ve T =T 3flx ,—>
fawITT= =1 ST AISHYT A -ve fawm =T ot

1 SATIOT TR O T YA il TR UT SR SMTe-Ta! FHH HRUITITS! faRia=

TRUI SR UIT =X 1+ X1+ X3+ X3 = (X2 + X2

). TR & Foae R+ I 81re.
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AN : R AT Ied AT fIRITYT TG 3R HIUITHIS des 3Te FUIaTd av1 gifdd gk fa.
TTfordht fa = dx/dt

TRITRY AT: SIcg] THIE 9 aFTavTe ge-iHed ITd 9geld, dagl SRR afl
AT geHIaRIe AT sRoiA HIRTA SiTd SETexUIT! TSN, TUroid, TR adl
T S V1, V2, Vs, ..., Vo, BIBIABIt =Cl 1, T2, T3, .., U, AR & IR
a7 3g fael gR

R =(V1+V2+Vat...vn)n

FeUT A: d 31Tg & 971 AT gaq HUT U a (i Feue 21 9@ ARTUHT a1 § AT e
T Ax o G Udell T8 GU TUH g

AIHITD AT = At > 0 Ax/At

A R AT F&d 3R = Uarg a1 € HUI H‘s”&mmmaoo 3{Tg FUTATTa
TaT: W AT F&d AT U5 e HYUYTS] 965 3Tg FUIdTd UaiT

TfOrdt a = dv/dt

IR gaT
DIUTATE! &0 O URI x S{RTAR 3R] P HUM faaR 1. AT 1A, Py 30N G

T TR =1 BT T a 3R A (x + Ax) TR HS TE adi =T
(v + Av). 31Tl T8l w.R.

TehT dobd TRIERT Fa7 €1, R faed &1

W = AV/At

TFATPY U BIVIRT YA : GAbol Jdi=d halds AHNd gl byl
T ST T WM IRR FEhs W S <1 § it 37 HRUGRTST THaThyor
SRIfqd Sfd R 'g". & Jed AT g AYRUTGU! 3T el 9.81 T HY/ T 2
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Newton's Laws of Motion

Newton's first law: This law states that 'everybody continues in its state of rest or of
uniformmotion, so long as it is under the influence of a balanced force system'.

Newton's second law: This law states that 'the rate of change momentum of a body is
directlyproportional to the impressed force and it takes place in the direction of force acting
on it.

Newton's third law: This law states that ‘action and reaction are equal in magnitude but
opposite in direction'.

SR8, Fodedined & @B

SR;8TT), IPD TOIRM®): T3 TOITAI) TosNEY 0T ' TR
FOTBRBNI R 9WTE). T & ITY0S BT & AeDWA,, WO,
323,000 VTS 2IONTS 0T VD) VW LBONE). B T2does S o ReNI3RLDI
W 235334,

SR8V ATVBRIC DODTD: B DODNNE) 'TEBE WTIVTHBOR 236N eg)
SeBNTI TS &jedI0feod MRS N & )3I0ed3TG3) WO NI, AT
3RBTRP,IE 3T L¥N B ABETIT S WO SES 93T 03,

SBR;81)T), DRTIONTD FOXRRI: T3 TSR TassNED 0T '3
23, T30 Qa3 AN T)eVLTR ), 3TWTeITITI, 2PN ATLESS'.
ge-Td BRI T Tl

ge-Td Ufgdl HTael: 81 HIIGI Iy o TAH S0l A1 SaT AT HL o =1 fagiat
fohar =1 ThaHeTerard, I Ald U d 318 Siaiid & UHTd =T a ddfad el
PG

T o g1 Ao airal 3t <RI Searn o AT 3R SAUTde
ww%mﬁaﬁwﬁrﬁﬁﬁwu@amwm&ﬁmw.

T oA STaer: 91 HEI A d ‘Hal 0T ufafsar sed oM fa=mmerarn
A Rfavg A fem,
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Rectilinear Motion

When a particle or a body moves along a straight line path, then it is called linear
motion orrectilinear motion.

Equation of motion along a straight
linev=u + at
vZ - U2 = 2as
s=ut + 0.5at

38,900 WO

2,003) TED ITI00 TWEDag) 33 B30 TN, 23D AT, eIT0,
3eDCOD WOV €9T3299 0T FTONEIDMIZWTB,D000° WO,

ReDXFTTE S FOI BRIN
ST mOEIV= O + 3€).
v2-0o3»?=2803
8Y = ut + 0.5at

feeeifraT wdt

SIcgT TaTeT U7 fdhdl IRR TR I8=01 ARTTAR fihed, degT Tl Y el fdhar
TEUTTRIR YT Tt

THIHROT T ] Ao a WS 3
v=u+3Y
vZ2-u?=2as
s = ut + 0.5 TSI

Example 1: The motion of a particle is given by the equation x =t — 3t? -0t + 12.
Determinethe time, distance travelled and acceleration of particle when velocity becomes

Zero.
Solution

X = t3-3t2-9t+12 (1)

Differentiating Eq. (1) with respect to 'x', we get
v= dx/dt = 3t>-6t-9 (2)
whenv =0

The above equation is in the form of and the solution is

ax?+bx+c=0
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x= -b+V(b2-4ac)/2a (3)
substituting the respective values in Eq. (3), we get

t=-1ort=3s (negative value of t can be discarded)
Substitutet =3 sin (1), we

getx =-15m
Differentiating Eq. (2), we

geta =12 m/s?

VOB TTH 1: B WO & 200TI) TED YT DERT aNROT 8 RedICTFTTED X = €3 2
—3832-9 €3+ 12. ABFFDAID B, BRT @oﬁme@%dds N3, FNBFES S

O300eJ07 TED 3CN SIS J;.
BV0TT
X =13-3t2-9t+ 12 1)
35TOsA VTBITH T AaN. (1) BR3IN NPT 11 'X', Do) BBAD
v= dx/dt = 3t 2-6t-9 (2)
Oveeen v=0

8 3NCe3 FeAITTRINT 2P 8 BRI < NI, BOTBOT VTS

FRTB 2 +hx+c=0

x= -b+\(b2-4ac)/2a (3)
BOREODNIN B 30350 33PN Fa. (3), Voag) TEBAND

€3=-19300 €3 =33 (IDTOIT a9°25TS €3 e300TBOTITI) DOT

30R,08NR)

2T €3 =33 2w¥n
(1), Do)
BBADX = -15
eAE

235395 20VTIIT)TI)
AD. (2), Vo)
BTBAD =12
m/s 2

JaTERUT Q: G Tl AT Ueh Ul 3T fae gR G THIbRUIx = t3-3t2-9 ¢ + 12, BXATG
aﬁm&mmaﬁuaﬂwma@aﬂaﬁw

X =13-3t 2-9t+12 (1)
U BRI TH. () I TR HIUINIS! X', 3! Hesar
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v= dx/dt = 3t 2-6t-9 (2)
FRfI=0
T R GHIBUT 3T HA T TH <07 30T o U 3

ax 2 +bx+c=0

x= -b+V(b2-4ac)/2a (3)
gaall ¢ Jafid 7ed Il 9. (3), e fhresar

T =-1fFarT =35 [FRES dl fbHrd T H& YHaT 30 B A
uufqa 3sHH (1),

Mgl fieanx = -

15 9
g HO . (), 3T

fiedTa =33 AR 2

Example 2: The motion of a particle is defined by the relation x = t3- 9t? + 24t - 6.
Determinethe position, velocity and acceleration whent =5s.

Solution

x=t3-0t?+24t-6 (1)
Differentiating Eq. (1), we get

dx/dt=v = 3t>-18t + 2 (2)

Differentiating Eq. (2). we get
d?x/dt?> = a =6t -18

Substitute t =5 s in Egs. (1), (2) and (3), we get
X =
14 m
v=9
m/s
a =12 m/s2

QUTIOBT 2: TEITI WOy X =t 3- 9t 2+ 24t - 6 FOLOFDOT
20305 AINGS. AFEDAD A, 3N a0, 3CNRFESS Ovoevon €3 =5

3.
x0T
x=t 3-9t 2+24t-6 (1)
5T A @VTIITIHTI Aad. (1), Vo) BWEWEAND
dx/dt=v = 3¢3 2-1863 + 2 2)

35305 3ORITIT FeD. (2) sl TVBAD
d 2 x/dt 2= o> =663 -18

178



B €3 =530 WP Egs. (1), (2) 303, (3), voeg) BBAND
X =
14
eDICV
=9
eAC/
=

& =12 /A2

JCTEUT 2: HUMT It x = t 3 - Ot 2+ 24t - 6 TT Y™ TURHIT deit oird. AT I
%,%@Wuﬁnmﬁzzks

x=t 3-Ot 2+24t-6 (1)
Y B0 TH. (1), 3! fHezar
dx/dt=v = 3t 2-18t + ] )

Y BRI TH. (2). 3] firezar
d 2x/dt>=a =6t -18

Tga T = s A Egs. (1), () M1 3), 3l fiesd
X =
14 #t
fg=
R
Hra
a=q¥ m/s2

Example 3: A car is moving with a velocity of 15 m/s. The car is brought to rest by

applyingbrakes in 5 s. Determine (i) Retardation (ii) Distance travelled by the car after
applying the brakes.

Solution

() Retardation

We know that v=u+at
0=15+ax5
a=-3mj/s?

(i) Distance travelled by the car after applying the brakes.

We know that

s = ut + 0.5at?

s= 15x5+ 0.5x(-
3)x(5)%s = 37.5m
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VTIOBTE 3: e TOT) YW ORI BRIN o 3N S 15 /R, & FoT) 93
)O3N 3TV TNROT €923 ) RJ W5 ATORBINY) 236F°. (i)
DERDTLET® (i) €9, EIT,ONAT JOIT FToB) W)OIIVEIALCI L3R T3y
ABEDR 3B

Aleleer]e)

(i) Down3

VoY) NR3I), DOTH ed = O + ).
0=15 + FRw5
®=-3m/s?

(i) BRT NPT FOIIVLBATITI & FoT) SOIT 9238 I RIS B 3T
00 NI, DOT

3 = ut + 0.53, 2

s= 15x5+ 0.5x(-

3)x(5) %s =

37.5e00¢€

JaTERUT 3: YIS 378 §eiq U8 a a7 1 24 HI/A & TS} i fasiicardt smurdd gk
QWSWWﬁm‘&H 1 (i) HedT (ii) AR hedHaR HRA Y dbaidl 3R

3urg
i) Hedr
o e Rousid
0=284 +ax5
a=-3HI™A?2
(ii) 3R = UaT el G ST HaR i BVl § 9
3Tl Arfgd d

s =ut+ 0.5 dIoIdl 2
5= Quxu+ 0. Ux(-
Px(W) s =30.4
|
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MOTION UNDER GRAVITY

We know that everybody on the earth experiences a force of attraction towards the centre
of the earth is known as gravity. When a body is allowed to fall freely, it is acted upon by
acceleration due to gravity and its velocity goes on increasing until it reaches the ground.
Theforce of attraction of the earth that pulls all bodies towards the centre of earth with
uniform acceleration is known as acceleration due to gravity. The value of acceleration
due to gravity is constant in general and its value is considered to be 9.81 m/s? and is
always directed towards the centre of earth. Acceleration due to gravity is generally
denoted by 'g'.
When the body is moving vertically downwards, the value of g is considered as positive and
ifthe body is projected vertically upwards, then acceleration due to gravity is considered as
negative. Evidently, all equations of motion are applicable except by replacing uniform
acceleration V with acceleration due to gravity 'gl and are written as
(i) When a body is projected vertically downward, under the action of gravity, the
equationsof motion are

v=u+gt

vZ=u2+

2gh h=ut

+0.5gt?
(i) When a body is projected vertically upward, under the action of gravity, the
equations ofmotion are

vV = u-gt

vZ=u?-

2ghh = ut

-0.5gt?

WO 0RO, MHBIZT FRFH

2300 DT 30302, BU0 FEOTW)TS FRN 3TRETBOR WO,
IV RITT DOTI) NN P RT 230eNONTI, TNTIT,TRE T DOT
FBODRMZ . BDBeTTY, @300TeI0N 2PN €930eN3ATION, E9ITD
FOONE D3 CRIZ T NS EES TOTED T TNTIT, T RE T3 203, &9T3T &3¢N
NOINANCIAIA NS R TSI ARC IV AN RC IOV I TA R A RN IS RAYANOINMOW)
STREBOD JFON ReNRA,BPORN e, BEBNFT, ZBReIIO
TNF520NT, RFONI T &CNREERSONT, THTIT,TRE BAOT
RNBFES 0TI FBODNEIMIZ . MHBIT, FTREBAOTN 33T EOD
e35P0)5 AEI5z90N R, BeioNTIZTS 203D, CITT 2332533, 9.81 mfs 220w
BOMedFeR™IN 333y O3TREIRNOR ATEDR ML FBR & FLOW) & 300D,
SNV EES TOTE I MITIT,TRE T YT Ao se00N AW RIINT
DDRDOT 'Y

030N B BB YT BDRIZ T 00N FFINN, B P < 23 TS
DOT) BONBRIING FP03T a3, 20T e3CF T3, ©02eIN
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RCDOT, WjFLARIMIZLS, SOZT MITIT,TREBONOT NS FE S dOTID
TONRRIMIZT INTOI3T. &,,R,290N, BoWA,,2339, WEBDRITS NPT
BRTIVRBRA FOIO D), ReITTLINS) €9:3,00RIZeS BN FES
PR3N B3NBFES ToT I MITBIT,TRET 'gl 203), YeJ 20BN 0TI
(i) 030N & BB YL 00N BRI INT YT, TXT B Tjed 3
MBITTRE T, B BTN WO B

v=Uu-+ gt

v2=030

2 + 26‘3’

no=ut+

0.5 23€3 2
(i) O30z0eM & T O3RLRACIVINTS ©0WTIVN TNCET,, LIRONE). B Fad

MBITTRED, B S AeXTTLONPIWOS BeS
v = 030-2363
v2=
o3 2 -
2310 =
ut-0.5
2283 2

UG CUGRICTC IC L]

YT HIRd T8 DI PRI Ud® HaiTell haldhs STHYUTT ekl 3R gl
SIS Y] TGUH 3@ Sild. SiegT TETe IRRTE Jaaqul YSUard! U= faett
ST degT ATAR HRATS Dbl STd YT ¢ HRUATITS! THATHYUT 30T ATl o STl a)
JIed 31Tg Wid d TIgrad & SHIF yataT ST yurT ekl Sft Jd TRRAT THTHA
U QAT HEs Wdd Tt To@IB YU FaT T SHI@EdT ST,
TTHATHYUITHES T Hed ARl fRR 3/ TiO1 I Je 9.81 my/s 277a 94
3o Agdt AR del SiTd fG=M § g 21 gdl UaT ¢ Sruga! Te@rdbyul 3
RO gRifad §R g

Sl g IRR 3118 TAGH HIcid WreredT =4, T G AT g 3178 WUH T SiTd
HRIAD ST TRIRR A AT [ Uafud sl Sid, FoR Toardyumges gl
T A STd AH RIS TIPYUT, TUART SGaul giedl ! 94 SHIHR0 a1 gidTd
TaTT &1 8 TaTT ¢F SRS Iyl g1 S0 3T fetfgaie Bud
g)?ﬁi?%w&n%&aaauaﬁﬁ@ﬁ,@?ﬁamwm,aw

fa=u+gt
vizu?+
29 h=ut
+0.5gt 2

(i) P a IRR YATT 31T SIS ST, 3fciid g fohdT =1 TSyl § Tt
THIHROTCT T8 d &
= u-gt
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vi=u?-
249h = ut
-0.5gt 2

Example 4: A ball is thrown vertically upward into air with an initial velocity of 35 m/s.
After3 s another ball is thrown vertically. What initial velocity must be the second ball
has to pass the first ball at 30 m from the ground.

Solution Consider the first ball, we know that
h = u1t-0.5gt?
30 = 35t -
0.5*9.81*t? {2
7.135t+6.116 = Ot
=6.138s

Consider the second ball

t> =(6.138 -3) = 3. 138s
h=u2t2 -

0.5gt2>h = 30

m

u2 = 24.91m/sec

LVTIOBT 4: o OB YT AT ©0WeIN aNCDOF, MOYONE). B3N
200030 E3TOYT 3N &3 35 /R, SOIZT3 & aNI3R0TD WOB, ©0WeddN
RAONITMZ . DTVBS WO TWOA® 0T LICTICS e3T0YT a3¢N BENT 23
D FTTe 0B 3. 30 eI DOT B I©

BT, BONBR BRT RO, Voeg) MBI, OT)
1o = 0300 1 €3-0.5 23¢3 2
30 = 35t -
0.5%9.81*t 2t 2 -
7.135t + 6.116 = 0
€3 =6.138 B

BONBR DTBIC B0

€3,=(6.138-3)=3. 138 %
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h=u2t2 -

0.5gt .%o =

30 €

O 2= 24.91AC/RFTOTID

SETERUN ¥: TG 3Me Bohd ST G &THI §dd TE T TRIHD 971 =1 35 HIA R
3s QORI It SHT Bl STdl. g1 dadl Joararar oi fabd 3raT & Ufge dg ad
30 Hi UG & S|

U fqaRId e ufgar < et difgd @
h=u1t-0.5gt 2
30 = 35t -
0.5%9.81*t 2t 2 —
7.135t + 6.116 = 0
C=823¥¢s

fOaRTd & GIRT G

to=(&23¢ -3) = 3. 138 T GH
h=u2t2 -

0.5gt 2%h =30

i}

Uo= ¥R HA
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CURVILINEAR MOTION
Introduction

When a moving particle describes a path other than a straight line is said be a particle in
curvilinear motion. If the curved path lies in a single plane is called plane curvilinear
motion.Most of the motions of particles encountered in engineering practices are of this

type.
FIFO D0 IO

RDWFOdD

WA Feag) AVY BCBODT, BRTIIBLA 2363 e300NE 330, De3DATION
20T TE) DOT) BEFDIMIZE BRBHTCASOD WO, 20T Y & NG
DONE AP, WP 2 NT IV NES DOTI) TBWR a0 a3FHTLASAD
WOS.323,589) S D WOINE) S FEINED RTITING 2PN 020 DONDOTY
e9PVEANT) o3 & BT 200C30.

CEXECiURIGH
uf=g

SIegT TG SUIRT HUT TRe5 SRR SR AN JUH HRd! dag] Td BT 3RI
o O a9 Tl AR € dgb HF Wi A a 3Hfdared fau 3 wurdid faqe a%
Tetagad =1 g gIerdra =1 Sl Hed A AfTie UG ed =8 UHR

Example 6: The motion of a particle is described by the following equation x = 2(t + 1)?,
y =2(t + 1) 2. Show that path travelled by the particle is rectangular hyperbola. Also find
the velocity and acceleration of particle att =0
Solution To find the path travelled, we know

thatx = 2(t+1)?

y = 2(t+1)?
Multiplying the two equation

Xy =2 [Xy = constant]

This represents a rectangular
hyperbolaWe know x = 2(t + 1)?
Component of velocity in x direction vx=2 x 2(t + 1)

Component of acceleration in x direction ax = d?x/db? = 2x2 = 4

m/s®Whent =0, vx =4 m/s?
ax = 4 m/s?
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We know y = 2(t + 1)
Component of velocity in y direction

QVTIPBCEB 6: B O] S @ T BT )BORIING DROT B TPNS
ReETTeD x =2(E3 + 1) 2, &35=2(€3 + 1) 2. Teaag) DRI 00Ny
€300 T TOTT B33 23RLEEID DOT 3EDA. AT TOTEIGEOND 3¢N aDIY,
RNBFEI Teo ). €3 =0
R BOTBT TOWINLAND B ene

)O300£0, VoY) NI,

DOTIIX = 2(t+1) 2

Sy = 2(t+1) 2
RBRIHTID B DT RedIEFTd

Xy=2 [xy=QC03T]

S EATCINIATRNICTA RN

€300 30TOTTI I 3B LILEETD

DoY) NI, x =2(&3 +1) 2

R8T S N WP X DB, V=2 X 2(€3 + 1)

X D8,3¢). e TESOR 33€3F ax=d2x/db 2=2x2 = 4
m/s 2035000 €3 =0, vx =4 m/s?
FRBS =4 m/s ?

VoY) NI, a34=2(&3 +1) 2
DT B BN 2P 33, IBETS

JaTERUT 6: G Tdi =T a HUT 3TE TUMH Ho 3115 GR & WOTS THIBRU x = 2(t + %) ?, y

=2(t + 1) 2. GRAAT B HUMH YA Ho ST AN ATl STAURSIGT 315, dd 2N
JU M YT HUIY T =0
JraR IUTT MY g AR Jar, 3Mie! H1fed dx

=2(t+1) 2
aﬁy: 2(t+1) 2
TR € &I JHIDRUI
xy=2 [xy=TRR]

1 ufaffde Hd a SAdrddl
Werr@m%ax:zmz)

geh ATINHAL x f[G=Mv =2 x 2(t + 9
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x &M RUTRT Uedh a = d 2x/db 2= 2x2 = 4 m/s 2HH T = 0,
vx = 4 TR 2
DS =4 HIQ?

G ATgd y = 2(t + 1) 2
Yoo T I He y fazm

vy = dy/dt = 2(-2)(t+1) 3
= -4(t+1) 3

Piafe AT A y fazm

ay=d?2y/dt?=-12(t+1) *

Hdic=0
Vy=4m/say=12

a'l'[:ﬁ':\/(v2+ﬁ'?)€v:f9:v§//v y
o =%y

YA =3 =(a2+a?)= REWHN?
X y
0 =98

CURVILINEAR MOTION IN POLAR COORDINATES

The curvilinear motion of particle can be expressed in terms of rectangular components
andcomponents along the tangent and normal to the path of particle.

In certain problems the position of particle is more conveniently described by its polar
coordinates. In that case it is much simpler to resolve the velocity and acceleration of
particleinto components that are parallel and perpendicular to the position vector V of the
particle.

These components are called radial and transverse components.

BeIFOD0® WO IN B3 ATCFToOTNY)

FOTW BHTEBOR WOITONTY, €30 TTOTT REITNY BOLIRVRONE).
5T.BRALTIT a0, FETNY) B3N D /T NI, Moo I
e0INE & TEW.

T AeNANT ). T AN, LITT FYSDOT Ted,,
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BT B, B, ACF 0N TOBOAD) B 23N eI, SNBVFES & TWPN
RETNY) DO Y& A0 03T NI, ©0WeN It D AN &3T,0° o) S &
TED.

YY) FETNE) Y3 0T TTW3B) BLRODN Y 03, €T30, 000N FEITN.

THEEI I IN Ydta guag

HUMH aeh T ATt G YaHTd STad ol ol 2Adhd SHUTHeH o &
wfRfeT SNfOT W= HRUGRIST A1l 21 w1

DTe! AT HUTHT R AT Y gR 3fid TRIGRYU! quiF &ot JId T
T d HY d 378 YU MY FARTHR1 g 7 IO YT =T HUMEEd Uceh o SHled JHITR
30T b HRUGTTA! & Rl daer &G =1 g Hul

qIUch HTd WU (SIS AT 3{TSdT ueh

Example 7: The plane curvilinear motion of particle is defined in polar coordinates by r = t3/3
+ 2t and © = 0.3t? Find the magnitude of velocity, acceleration of path whent =1s.

Solution:  Equations of motion are
r=t}3+2t & ©=0.3t2

Evaluating ©, dB&/dt.
d2e/dt2e =0.3t?

de/dt =

2*0.3t

d%e/dt? =

0.6

Att=1s

©=0.3rad
de/dt = 0.6 rad
d?e/dt?=0.6
rad/s?

r =2.33m dr/dt
= 3m/s d?r/dt?

2m/s?

Velocity
Vr =dr/dt = 3m/s
Vo =10 = 2.33*0.6
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QVTIPBO 7: B eI &3FTCBOD WO & T AW 03D R NG 2.$ 1R
73edO DTBCETOOTNY) aNROT e30° =t

+283 233), 6 =0.3¢83 2 BRBOB BV & 36N, WCNWFES S evone O3z00n
¢3=1030.

BOTT: ReACTTLIANS) S WO Qe
esof =t +283 & ©6=0.3632

O, do/dt
AVERISIAVOIA NV
©/dt 20 = 0.3¢&3 2

de/dt =

2*0.3¢3d 2

e/dt?=

0.6

S) 8=13
©=0.3
OoC&* do/dt =
0.6 D3 d 2
©/dt2=0.6
Ot/ A 2

e30° = 2.33eJ0¢ dr/dt
=3m/s d 2r/dt 2

2m/s 2a3en
Vr =dr/dt = 3m/s
Veg=030°06 =2.33%0.6

IR o: & fIHH I el =1 o1 318 uRHIT Hed ¢fdi TH-ad gR SR =33 _
+2t 30T © = 0.3t 2 MY A= = A7, YA =T Al pefi @ = ¢ s

JUR:  GHIBRO AT A 3Rd
AR =t +2t 30T ©=0.3t2

o, do/dt d Jeich+ Hd
315 d 26/dt 20 = 0.3t
2

doe/dt =
2*0.3td 2
©/dt2=
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0.§

YT =19
0=0338
de/dt = 0.6 rad
d?2e/dt2=0.6
rad/s 2

3R = 2.33 Hi dr/dt
=3H1”™A d 2r/dt 2

2m/s 29T
B3R = dr/dt = 3 HI™
Vo= 3R © =2.33*0.6

PROJECTILES

Whenever a particle is projected upwards with some inclination to the horizontal (but not
vertical), it travels in the air and traces a parabolic path and falls on the ground point
(target) other than the point of projection. The particle itself is called projectile and the
path traced bythe projectile is called trajectory.
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Terms used in projectile

1. Velocity of projection (u): It is the velocity with which projectile is projected in
theupward direction with some inclination to the horizontal.

2. Angle of projection (a): It is the angle with which the projectile is projected with
respectto horizontal.

3. Time of flight (T): It is the total time required for the projectile to travel from the
point ofprojection to the point of target.

4. Horizontal range (R): It is the horizontal distance between the point of projection
andtarget point.

5. Vertical height (h): It is the vertical distance/height reached by the projectile from
thepoint of projection.
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UI3LEBT 1} 53)0309€0 DOT B FOANOE3® e35°& @y Tk I & @O0 J
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5. ©0WTWOW N30 (h): BT BW B ORI WRT/DZT 3NNT
EDROT B N3LBVT OB DEWION0ES S @R FO°.

3} aTuRS HeA yagur

1. QI =T Y&YYT (u): T TR & IS O AU 318 Uafd Hed g fgzm
g PIE! IdR HRUTMNIS! T afcrst

2. B =TT (¢ ): I 3T T B TG O & TATUT 373 YT Ig 3Mmer
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Some
relations
Time of

flight:
Let T be the time of flight. We know that the vertical ordinate at any point on the
path ofprojectile after a time T is given by

y = (u sin o))t — 0.5gt2
When the projectile hits the ground, sayat B: y=0at t
= TAbove equation becomes

0 = (u sin a)t-

0.5gt(u sin o) =

0.5¢t

T =(2u sin a)/g

FOPTOWOFPRAHIT DD & deo:
T JeTT BeNONWONTE). ToRONE). O30 TE BOIWE). 0TI
38 SCES® DO SR 3P DWS0IT N3 LBT & RO €3
ACBERVTNZ T eDROT

g = (D€ TR a) €3 — 0.5 233 2
035007 B GU3LIBT 303 B IO, BCPH3TT
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S, 2:335=0 ). €3 = €3adee3 BedETTED
SM33
0 = (u sin a)t-
0.5gt2(03d
o o) = 0.5¢t
€3 = (2u TR a)/g

CAREIGI
9 =T

SETT:
& ToTgel I 3RY 1. =T ANTIaRIS HIvrATe! foigar 364 ordinate 318 §
3TIeTST Hifed 3Te-d) U&YUT a 3 < fod MR gR
y = (I%! UTU &R o)t - 0.5gt 2

aﬁ%ﬂ‘czueaw%eawﬂq BUMAY §: y = 0 AT ©
= TR HIHRUI BId

0 = (u sin a)t-

0.5gt (g 9T o)

= 0.5¢t

T = (2u Y 0)/g

Horizontal range of the projectile:
During the time of flight, the horizontal component of velocity of projectile = u cos a
{Horizontal distance of the projectile} = R= {Horizontal component of velocity of projection}

{Time of flight} =ucosaxT
R = (u cos o *2u sin a))/g = (u? sin 2a))/g

sin (2 a) will be maximum only whensin2 . =1
sin 2 o= sin 90 or a = 45°

Hence maximum horizontal range is

given by
Rmax = (U? sin 90)/g = u?/g

Maximum height attained by the projectile: When the projectile reaches its maximum
height,vertical component of velocity of projection becomes zero.
V2 u?=2gs
0 — u? sin? o = -2ghmax
hmax = U? sin? o/ 29

Time required to reach the maximum height is
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given byv=u + at

O=usina
-gtt=u
sina/g

ARDODTAD, B FeNOD N Iz, B FeNI3® HFEIT S 3N S G03,LTT = O cos

(04
{983, BRT IS 3BT} = R= {9T, T S 3N S @y g}

{FDDRD S deox3} = a3 cos a X €3

e30° = (O30 €0S o *2U D 0)/g = (O 2 T3 (20))/M0

B0 (2 0) 352,83 DOT NOR, 23003 OVedeN weas 2 0.= 1
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REN3O R50,00 BT AT
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) 2— O30 2 =210
0- O30 2 Do 2 o = -263 o,
1O oz, = O 2 T3 2 o/ 2 N0

NOE, 030330, 3DITE) 23T
RENONR), BNV =

A + D,
0=03

RO o -

2283 &3 =

OV

oI o/

(o
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it =41 § Hagur:
pl E%%@mawww%quwWa
{&TIST SicR =T HEYUT} = R = {&fqS g =1 377 =21 Hagun}

{de T IGIU} = u DR o x €
3R = (PR o *2u UM 0))/g = (u 2 UMY (2a))/g

UMY R o) ST YUl SR Sl Hhad B UM 2 o = 3
sin 2 a. = sin 90 fdhaT o =

45° TS SR oI &ifarsT goft amg

fdd gR

3R are = (U 2 ITT 90)AT = u 2/g

TATUTER U Hoo! HHIG Id: SiegT YAl AT HHIG IdiaR Ugad, 3HT gcdh
T R AT &0 [ B

V2-u2=2gs
0—-u29M2 g =-2gh sa .
heme=u2Uld2 0/ 2 YH

HHIS I MSUIMETS! STUIRT 95 gR a7 SiTdl

fA=u+39
O=uUlYa

-gtc=u

Ulal/g

Motion of projectile: Let a particle be projected upward from a point O at an angle a
withhorizontal with an initial velocity of u m/s as shown in Figure 11.39. Now resolving
this velocity into two components, we get

Ux=u

Figure 5.15
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The vertical component of velocity is always affected by acceleration due to gravity. The

particle will reach the maximum height when vertical component becomes zero. The
horizontal component of velocity will remains constant since there is no effect of

accelerationdue to gravity. The combined effect of horizontal and vertical components of

velocity will move the particle along some path in air and then fall on the ground other
than the point of projection.

Equation for the path of projectile (Trajectory equation): Let a particle is projected at a certain

angle from point O. The particle will move along a certain path OPA in the air and will fall
down at A.
Let u = velocity of
projectiona = angle of
projection
After t seconds, let a particle reach any point 'P' with x and y as coordinates as shown in
Figure 5.16
We know that, horizontal component of velocity of projection = u

cosaVertical component of velocity of projection = u sin a

Therefore, X = U cosat
y = u sin at — 0.5gt?
From Eqg. (1)
t = x/(u cos a)

substitute in EqQ. (2), we get
y =u sina[x/(u cosa)] — 0.5g[x/ucoso]?y = x tana —
[gx?/(2u?cos?a)]

WOR! S NI LRBT: 93T o T DOT) A3REHEIINT DT, DOT
FHOON0EF 0 I€). 2,003 TRLS o BUe311233) 11.39 B). 3,DATe303 um/s
S S3B0YT SNWRONN 9T N, TN AT, WOBORIMIITS 3¢
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WP T PEITNS), Vo) WTBAND
Ux=U
sina
o3 =3,
=3

cosa

RN ©0W €90Tzg) OV NOW TMIBITFTRE BO 3N EFERAOT
B)2P0e)3 NI, B DO FEIT) BRT5e00000N Ty MO, 3 T3y
3R B BNTBFES[OD 030e) T BV T3 FOTED 3L AeDIO
FETR) A, C00NBIZTWMTIT,TRETBANOTN. N R3O DI, ©0W
RETNY F0BRCR3 BWOINY) 3,e8 TEDEIR, MOYONE). T
FORONE). BV eI, SOIZT WO, BRTIITRA IOT anee3

HZ TS FREFr.

RedCTTED o0 B e0NE S M3 LBT (BT AedITTED): 93T o T VL
ABPERFEIDNT T, e D, 30 WOTIINOT FRCS. FEeg) MOPONE) OPA
ARDER,, WNERE). FDRIZT aNIY, WCHI T TS S od.
9530 O3 = 3N 3

BRB %0 = TS

S ZEF°
S03T €3 ATOWINYD, 93T & T 3ENR)I T O30 OB WA 0E3® '
BRI3N X DI, Wy AWLETVOTNPN 3DAT03 2wPried ) 5.16
BRIV FT® 3N ReNI® FEIT = U €S OTI SN

3PDTVO00TW FET & &N S BT = O T o

e 003, X = O3 cosat
g = 000 VR at - 0.5 23¢€3 2
YO AN.
1)
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t = x/(O3)) cos a)

WO WwFR DD, (2),

Vg BWBAID y = u sina[x/(u cosa)] —
0.5g[x/ucoso] %e3 4 = x tana — [gx 2

/(2u?cos 2 a)]

Tl AT WEIYOT: TT a HUT 301 HETUT S e TH IR a fig I 3 T P a T8
3Tl 11.39 TED GRIATATHTOT um/s =0T YR JTRIG &fcrol. ST aTe FRIHR0T
PO GH Hew, ! Haal

ux=u
sinau y
=u
cosa

3{Tehal U84
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BTG YU dITET S0 Ueh HgH! aTHes THIAd BIdl. § ST 3o d Ued I 8Is® dal
HU HATG IR UGS, T YaTTEl HIUIATG! YHTT THedTes AT &fcsl gedh RR IA61S
3T AR foig aafafead SR st nagn

TeiiepRur =01 I8t AR =1 Hayur (WrismH THidmRuN): T a HUT 318 Hafd 3 a
fAfRado fNgURE &1, HUT gddie OPA =1 U fAf3Ty AMH Ye TRe S USE
CEIERRY
T u = T AT Y&TUIo =

DI =T YT
FdR T Ydba, Il a HUI Qg0 HIUde! fog O g x 301 y H-adh TUH arafdedr
70 G 3Tl 5.16
TITST HIfRd 3MTE BT, HEATUT=AT AT &fdS ¥ = u cosa

I GeH AT FATYETT = u U o

EUGH U = u cosat
y=gUll at - O.Rﬁﬂ?ﬁ?
U 94. (2)
t = x/(u PRI o)
TOig 5 99, (), 39!
firesar y = u sino[x/(u cosa)] —

0.5g[x/ucosa] 2y = x tana - [gx 2
/(2u %cos 2 )]

Example 8: A particle is projected at an angle of 60° with horizontal. The horizontal range
ofparticle is 5 km. Find
(i) Velocity of projection (ii) Maximum height attained by the particle
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Solution Data given; R =5km =5000 m, g =9.81 m/s2 and a. =

60°To find: u and hmax
We know that

R = (U2 SN 20)/8.vvveeeeeerererceieieenenens @
Substituting the known values in Eq. (1), we get

u=237.98 m/s
Again, maximum height attained by the

particle
hmax = (U2 sin a)/2g = 2164.9m

SVTIOBT 8: o FED A3REREIINT 2 OT) B, TRES S 60° AeNIOWRODT. B

REN3O B30 T 5 3N B.JIC. BITWIE
(i) BN S BREF® (ii) TR, 3T AIRAT NPT B T

B0TT T8CE30 CEITI; €30° = 5 B.eI€ = 5000 A€, 23 =9.81

m/s2 &3, o = 60°T 3BITIIB: O &N, MO ros,
00 NI, DOT

€30° = (O30 2 DR 20)/MO ........... (1)
BOPREODNWIN B 3PDTW &PONP R, WP A, (1), Do) BWTBAND

o) = 237.98
/R ENI,, NOR, 03T AORAT
DDROT O T
1O rox, = (O30 2 o a)/2 YO = 2164.9eJ0¢

%Q;Iﬁg#;éch T 3118 U T HI =1 go° AfAS T, T &fcret 07 =1eh T 5 3118
(i) 97 =T Y& (i) HHTS I MSS GR G BT

?I&'JFIFTI%J[H @aﬁ%ﬁfw&w zrrsrm?ﬁ = 5000 |, g = 9.81 m/s2
H’I@%T:%%oam ‘U h sare

. SR = (U2 TTT 20)/g oo (1)
dG0! & J1d el U 4. (1), 3] fBesar

u=237.98 T

ggT, SRl SR 3l M3 gR G HUl 5
h o = (u 2 U1 o)/2 0 = 2164.9 T
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Motion of a body thrown horizontally from a certain height into air

The figure shows a body thrown horizontally from certain height 'H" into air. At 'B' there
is only horizontal component of velocity. As the body moves in the air towards the
ground, thebody has both horizontal and vertical components of velocity.

The horizontal component of velocity from B to A remains constant and will be equal to
u.But the vertical component of velocity in the downward direction will be subjected to
gravitational force and hence will not be a constant.

Resultant velocity= R=V(u2 +v2) & © =tan’(v/u)

(1) Vertical downward distance travelled by the body is
given2 byH = (vertical component of velocity at B)t +
0.5¢t

Figure 5.17

(i) The horizontal distance travelled by the body
R = (horizontal component of velocity at
B)tR = ut

(iif) The vertical component of velocity at point A is obtained from the
equationv =u + gt

or v =gt

Resultant Velocity at A = R = V(u2 + v2)
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WORI S o WD 9T 0N DRF0DNIVONI) DOTW & ADFR,, 3.0
MmYoDS).

€37 30300 ARE R, P3TT 'H' QOTW MOPNR &9T3,50N RO, €3, T3CHBa330,
30RIZR. 'V I, BT 33003 BeNIO FET S 367, 903 B BT
ORI WP D MY TR 04,000, DTWEH YT DTBR FaDI3 D3I,
O0WIW & FEITNED 3Cn.

B B3O FET 3N DOT 2 IR o PP DT ATOIT NI, 33,433 0TI
A0 1 030,33 FP00D DB, &M 02 L9033,
WPBRADIMIIE MICITOTRE BOD 20O DI, 3T O0TW 30,23 9. &
Q0T JTOIT.

BDI0Z RN =esT* = VU2 +v2) & © =3 1 (v/u)
(i) BCBDOTI BRI ©OO0WIVT TPD

BRTRI), NBNTBRE® = (DO0W FET I
SN D). D) €3 + 0.5 2363 2

233)5.17

(i) ® ReH3© BT TOZIVBAITT) NPT & T3¢
e30° = (D3O PET 36N I 2D)
¢3e30° = ut

(i) & ©0WVT PET I 36N ) TWIAI0EF &> VT3

BBTTRORTS DOT B BeAXLTTLIV = O + 23€3
(IR IRNER XN
FOT03 3367 ). od = e30° = V(U2 + v2)
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Tt =T 2 IRR ey bee Ry a fafke St gaq

3Tt fARRTY St 'H a5 Bad 3iTSd hhos IRR Srgdd. o JY 3R Had Ao
gch AT N UM & IR Fod10 e & 591 fa3H o HEH, TIRR 318 ale! sl
3{TIO1 IWT d T ol

g AfAST 2 g a7 U off FRUarITSt TR fRR S 815 30 IHH
FHROGNITS] uIR WG feRM AT S0 gewm S 3RS THaTh YUl dad!
30T TUH w37 AT 3f fRR

TIROTHT o = 3R = V(U2 + v2) AT e =<9 1 (viu)

(i) TRRIGR YA $o 0 od Wod A gR 3o I
Td = (SWTIH AT AT IY §) T + 0.5gt 2

3Tl 4.9

(i) T &9 3R YT gR § TRR
errR (&S D geh AT IV §) 3R =

%%Taamwwéﬂﬁﬁﬁgq&n%mwawﬁwﬁ u+ gt
uﬁumﬂéﬂﬁ?)q 3R = V(U2 + v2)
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Example 9: An aircraft is moving horizontally at a speed of 108 km/h at an altitude of 2000 m
towards a target on the ground releases a bomb which hits the target. Estimate the horizontal

distance of aircraft from the target when it release a bomb. Calculate also the direction and
velocity with which bomb hits the target.

Solution
Speed of aircraft = (108x100)/(60x30) = 30m/s

Horizontal velocity of bomb = u =200
m/sHeight H= 1000m

Let t be the time required for the bomb to hit the
targetWe know that
H = 0.5gt
1000 5x981xt? or t=14.278s

() Horizontal distance of aircraft from the target when it releases a
bomb.We know that
R=uxt=30x14.278 =428.57m
(i) Velocity with which bomb hits the target.
Vertical component of velocity=v=gt =9.8 1 x 14.278 =1 39.9 m/s
Horizontal component of velocity = u = 30 m/s

Resultant velocity = R = V(u? + v?)= 143.08
m/sDirection = 6= tan-1 (v/u) =77

SVTIOBT 9: & eJzNON YT LIRS T 9B LN ). o & 367 oé3n 108
3.00¢ S, WOT 3T & 1000 IIEIOT AT MDD TR MDD,
BRTONIE 23002 €930, WRBINT e00RBIZE. AeNI eI, EI0WO) 3008
239023° ©93), WTWINT 23008C30N MIDONOT Je0NE BRT. DT, A
3%9,2500 23008 a3, 3N BRIN O0H T 20U BRTBONNI MD.

Rlefeenle)]
SN S JaddosS = (108x100)/(60x30) = 30m/s

Re03 &3¢N = u =200 M/sd3T
H=1000eJ5¢

£93330F €3 DOT B BN LINB5edT 3 T°

8 23002 i} 0é3* & MDD TR I, DO
T = 0.5 233 2
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1000 5X9.81X&32 P €3=14.278 3

(i) ATNIO TRV S eSS DOT & THD Ovedan AT

BN 00BIZT & 230023, ag) N3, 0TI
e30° = O30 X €3 =30 X 14.278 = 428.57 oI3€
(i) 23¢N B3N 0T 202 3é3* & MHD.

O0WWOR T S 3N =v=2383=9.81 X 14.278 = 1 39.9 C/B
RENIO FET S &3¢ = O30 = 30 /A

BDIV03TW RN =R=V(u?+ed 2)=
143.08 e DC/RIATBCETI = © = 35-1
(V/iu) =77

IETERUTR: 3f T 3118 §&G &frol I a a1 377 108 fHHY/aT T Ueh THEHUTSTUREA
3 =1 1000 SIS Tear= fG2F U@ sl isdl Sl G&amaR seadl. &fid
3iTSl ST HIS M SR farTra 3R, f&=1m 3Mfor TUMHT deite 1 3748 o |l
ORdl &0

IqT
Tl =47 faAT = (108x100)/(60x30) = 30 HIA

&S T = u = 200 m/sIT H= 1000
]

1T YUl ¢ IS5 ATIIP AT 131 € S
HIUITIIS STdT & G&I 3! Hlfed o
Td =0.5¢t 2
1000  5xR.(Yxt? fdhdl t=2¥0c¢s

() &fST 3R =a1 fau IR € G568 Heft YT a a1, 3Tt
aifgd d
_ 3R =ux<T=30x2¥.0¢ = ¥C. Qo H
(i) TGS S fRe g &
JTICH AT AT = fd = gt =Q.¢ ¢ x 2¥.R0¢ = § 3R R WA Tews =
T =u =304

RO 9T = R = V(u 2 + v 2)= 143.08 WA = 0 = TH-1 (viu) = bb
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